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Department of algebra and mathematical logic of Kyiv University
was created by the initiative of professor Lev Kalužnin in 1959. He was
the first head and scientific founder of the department. Tsilya Shub
and Volodymyr Vyshensky were the first employees. In later years the
department was headed by professors Sergiy Zavalo, Yuriy Drozd, Vi-
taly Sushchansky and Anatoliy Petravchuk, who heads the department
at the present time. During the past 60 years professors Volodymyr
Bavula, Victor Charin, Vyacheslav Futorny, Volodymyr Kirichenko,
Ganna Kudryavtseva, Volodymyr Nekrashevych, Volodymyr Mazorchuk,
Sergiy Ovsienko, Volodymyr Sergeichuk, Vasyl Ustimenko worked at
the department.

Research topics of the department are broad and include different
areas of pure and applied algebra. Group and semigroup theory, ge-
ometric and asymptotic group theory, Lie algebras, matrix algebras,
representation theory, cryptography and combinatorics are currently
in focus of interests at the department.

Department of algebra and mathematical logic maintains scientific
collaboration with many brilliant researchers all over the world. We
are proud of our alumni, colleagues, friends and teachers. We always
welcome you to Kyiv.

Planned as a classical mathematical conference due to circumstances
our meeting changes format. For most of us the current time is challeng-
ing. We wish everyone good health and many new interesting results.

Organizing Committee
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A. V. Abramov1, I. Yu. Raievska2, M. Yu. Raievska3, Ya. P. Sysak4,
V. G. Yurashev5

Local nearrings of order 1331

Institute of Mathematics of National Academy of Sciences of Ukraine,
Kyiv, Ukraine.

Nearrings are generalization of associative rings, in which the addi-
tive group can be non-Abelian, and addition is connected with multi-
plication by only one distributive law, left or right. In this sense local
nearrings are generalization of local rings. The package SONATA [2]
of the computer algebra system GAP [1] contains a library of all noni-
somorphic nearrings of order at most 15 and nearrings with a unity of
order up to 31, among which 698 are local. However, the classification
of nearrings of higher orders requires much more complex calculations.
For local nearrings they were realized by us in the form of a new GAP
package called LocalNR [3]. Its current version (not yet distributed
with GAP) contains 37599 local nearrings of order at most 361, except
orders 128, 256 and some of orders 32, 64 and 243. We have already
calculated some classes of local nearrings of orders 32 (with 14927685
nearrings), 64 (with 1115947 nearrings) and 243 (with 705105 near-
rings). It is known that there are 5 non-isomorphic groups of order
113 = 1331. It turns out that all of them are the additive groups of lo-
cal nearrings. The following table contains the list of all non-isomorphic
nearrings of this order.

Theorem 1. There exist 158 local nearrings of order 1331:

Additive groups Number of local nearrings
C1331 1

C121 × C11 47
(C11 × C11) o C11 12

C121 o C11 2
C11 × C11 × C11 96

[1] The GAP Group, GAP – Groups, Algorithms, and Programming, Version
4.11.0, 2020. (https://www.gap-system.org).

[2] Aichinger E., Binder F., Ecker J., Mayr P., Nöbauer C. SONATA — sys-
tem of near-rings and their applications, GAP package, Version 2.8, 2015.
(http://www.algebra.uni-linz.ac.at/Sonata/).

[3] Raievska I., Raievska M., Sysak Y., LocalNR, Package of local nearrings, Ver-
sion 1.0.2, 2020. (GAP package), (https://gap-packages.github.io/LocalNR).

E-mail: � 1algebra@imath.kiev.ua.
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O. D. Artemovych

Non-associative structures of non-commutative associative
algebras

Department of Applied Mathematics, Cracow University of Technology,
Cracow, Poland.

In the present talk, I will discuss on non-associative algebras induced
on a non-commutative associative algebra by some its operators.

Note that non-associative structures (Zinbel, Lie, Balinsky-Novikov)
on a commutative associative algebra, in particular, have been studied
in [1–3].

[1] O.D. Artemovych, D. Blackmore, A.K. Prykarpatski, Non-associative structures
of commutative algebras related with quadratic Poisson brackets, European J.
Math. 6 (2020), 208–231; https://doi.org/10.1007/s40879-020-00398-w

[2] O.D. Artemovych, A.A. Balinsky, D. Blackmore, A.K. Prykarpatski, Reduced
pre-Lie algebraic structures, the weak and weakly deformed Balinsky-Novikov
type symmetry algebras and related Hamiltonian operators, Symmetry 10
(2018), 601, 28 pp.; doi:10.3390/sym10110601

[3] O.D. Artemovych, A.K. Prykarpatski, D.L. Blackmore, Examples of Lie and
Balinsky-Novikov algebras related to Hamiltonian operators, Topol. Algebra
Appl. 6 (2018), 43–52; https://doi.org/10.1515/taa-2018-0005

E-mail: � artemo@pk.edu.pl.
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O. D. Artemovych1, V. Bovdi2, M. Salim3

Derivations of group rings

1 Department of Applied Mathematics, Cracow University of Technology,
Cracow, Poland.
2,3 United Arab Emirates University,
Al Ain, UAE.

Let R[G] be the group ring of a group G over an associative ring R
with unity such that all prime divisors of orders of elements of G are
invertible in R. If R is finite and G is a Chernikov (torsion FC-) group
(see [1]), then each R-derivation of R[G] is inner. Similar results also
are obtained for other classes of groups G and rings R.

[1] O. Artemovych, V. Bovdi and M. Salim. Derivation on group rings. Acta Math.
Szeged, 86 (2020), P. 51–72.

E-mail: � 1artemo@pk.edu.pl, � 2vbovdi@gmail.com, � 3msalim@uaeu.ac.ae.
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Taras Banakh1, Yaryna Stelmakh2

Topology in arithmetics: Golomb and Kirch topologies on N

Ivan Franko National University of Lviv, Ukraine.

The Golomb (resp. Kirch) topology on the set N of positive integers
is generated by the base consisting of the arithmetic progressions N ∩
(a + bZ) where a, b ∈ N are coprime numbers (and b is square-free).
It is known that the space N endowed with the Golomb (resp. Kirch)
topology is connected, Hausdorff (and locally connected).

Theorem 1. The space N endowed with the Golomb (resp. Kirch)
topology is topologically rigid, i.e., has trivial homeomorphism group.

[1] T. Banakh, J. Mioduszewski, S. Turek, On continuous self-maps and homeo-
morphisms of the Golomb space, Comment. Math. Univ. Carolin. 59:4 (2018)
423–442.

[2] T. Banakh, D. Spirito, S. Turek, The Golomb space is topologically rigid,
preprint (arxiv.org/abs/1912.01994).

[3] T. Banakh, Ya. Stelmakh, S. Turek, The Kirch space is topologically rigid,
preprint (arxiv.org/abs/2006.12357).

E-mail: � 1t.o.banakh@gmail.com, � 2yarynziya@ukr.net.
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Serhii Bardyla

On semitopological graph inverse semigroups

University of Vienna, Vienna, Austria.

All topological spaces are assumed to be Hausdorff. We prove that
each non-zero element of a semitopological graph inverse semigroup
is isolated. We characterized graph inverse semigroups which admit
only discrete locally compact semigroup topology. This characteriza-
tion gives an answer to the question of Mesyan, Mitchell, Morayne and
Péresse. It is proved that a locally compact semitopological graph in-
verse semigroup over a strongly connected graph which contains finitely
many vertices is either compact or discrete. We construct a universal
object in the class of graph inverse semigroups. It is proved that for
each D-class D of a graph inverse semigroup over an acyclic graph
the semigroup D0 = D ∪ {0} is isomorphic to a semigroup of ma-
trix units. Finally, we describe graph inverse semigroups which are
subsemigroups of compact-like topological semigroups. More precisely,
we characterized graph inverse semigroups which admit compact semi-
group topology and graph inverse semigroups which embed densely into
feebly compact topological semigroups.

E-mail: � sbardyla@yahoo.com.
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Serhii Bardyla1, Oleg Gutik2

On the lattice of weak topologies on the bicyclic monoid
with adjoined zero

1 Institute of Mathematics, Kurt Gödel Research Center, Vienna, Austria.
2 Department of Mechanics and Mathematics, National University of Lviv,
Lviv, Ukraine.

A Hausdorff topology τ on the bicyclic monoid with adjoined zero
C0 is called weak if it is contained in the coarsest inverse semigroup
topology on C0. We show that the latticeW of all weak shift-continuous
topologies on C0 is isomorphic to the lattice SIF1×SIF1 where SIF1

is a set of all shift-invariant filters on ω with an attached element 1
endowed with the following partial order: F ≤ G iff G = 1 or F ⊂
G. Also, we investigate cardinal characteristics of the lattice W. In
particular, we proved that W contains an antichain of cardinality 2c

and a well-ordered chain of cardinality c. Moreover, there exists a well-
ordered chain of first-countable weak topologies of order type t.

E-mail: � 1sbardyla@yahoo.com, � 2oleg.gutik@lnu.edu.ua.

16



Leonid Bedratyuk

Visual pattern recognition and invariant theory

Khmelnytsky National University, Khmelnytsky, Ukraine.

The orientation-preserving transformation group G is widely used
in 2D image analysis and pattern recognition. The introduction of the
notion of image moment G-invariants by Hu was a vivid example of the
application of the classical invariant theory to the pattern recognition.
Let F be a set of real finite piecewise continuous functions (digital
images) that can have nonzero values only in a compact subset of R2.
Hu have considered the geometric moments mpq(f) of f ∈ F, the
central geometric moment µpq(f)

mpq(f(x, y)) =

∫∫
Ω

xpyqf(x, y)dxdy,Ω ⊂ R2,

the normalized moments ηpq := ηpq(f) which are invariants of the uni-
form scaling group. The problem of determining G-invariants can be
reduced to problem of finding SO(2)-invariants as functions of the nor-
malized central geometric moments.

Denote by C(ηd)
SO(2) where ηd = {ηp,q, 2 ≤ p + q ≤ d} the corre-

sponding algebra of the simultaneous 2D geometric moment invariants
of order up to d. Remarkably, the problem of describing of the algebras
simultaneous 2D geometric moment invariants in the general case can
be reduced to well-known problems of the classical invariant theory.
The following theorem holds.

Theorem 1. Let Wd be the following direct sum

Wd = V2 ⊕ V3 ⊕ · · · ⊕ Vd,

where Vk is the vector space of binary forms of order k. The algebra

of rational simultaneous 2D geometric moment invariants C(η)
SO(2)
d is

isomorphic to the algebra of joint invariants C(Wd)
so2 .

Also, we present a minimal generating set of the algebra C(Wd)
so2 .

E-mail: � leonid.uk@gmail.com.

[1] Hu M. K.: Visual pattern recognition by moment invariants. IRE Trans. Inform.
Theory. 8(2), 179–187 (1962)

[2] Flusser J., Suk T., Zitova B., 2D and 3D Image Analysis by Moments, Wiley,
2017

[3] Bedratyuk, L.: 2D Geometric Moment Invariants from the Point of View of the
Classical Invariant Theory. J Math Imaging Vis (2020)
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A. Ya. Beletsky

Effective algorithm for the synthesis of irreducible
polynomials

National Aviation University of Kyiv, Kyiv, Ukraine.

The known algorithms of IP synthesis usually have no less than a
square complexity of calculations. The proposed algorithm of linear
complexity based on the so-called reference stairs (grids), the number
of steps in which r coincide with the degree n of polynomials fn to be
synthesized. Each step of the staircase put in correspondence with the
so-called coordinate vector CVr = 10...0, the number of zeros in which
tr is determined by the ratio tr = 2r − 1. At each stage, the most
straightforward recurrent modular calculations performed, after which
the polynomial tested, is unambiguously classified either as non-derived
or as a compound.

The concept of singular (exceptional) polynomials introduced, i.e.,
such IPs whose degrees are: (a) prime numbers, (b) degrees of prime
numbers, or (c) the product of two different prime numbers. Empiri-
cally, the following have established.

Theorem 1. A singular polynomial fn of degree n is irreducible if and
only if, when the residue Sn of the coordinate vector CVr in modulo
fn corresponding to the step n of the reference grid is equal to unity,
that is, identity Sn = 1 provided (a necessary condition), and under no
circumstances r < n the residue Sr can be comparable to the unity (a
sufficient condition).

Theorem 2. A nonsingular polynomial fn of degree n is irreducible if
and only if, when the residue Sn of the coordinate vector CVr in modulo
fn equal to unity is a residue corresponding such that identity Sn = 1
provided (a necessary condition), and there are no exclusive divisors
for the polynomial under test (a sufficient condition).

The exclusive divisors d̃n will include IPs that divide the tested
nonsingular polynomial (TNSP) without the remainder.

d̃n ∈


∪k−1
i=1 p

i
1, if n = pk1 · p2, k ≥ 2;

∪ki=1pi, if n = ∩ki=1pi, k > 2;

p1 ∪ p2 ∪ p1 · p2, if n = pk1 · p2, k ≥ 2.
A generalized algorithm for the synthesis of irreducible polynomials

over a Galois field of arbitrary characteristic p is obtained as the result.

E-mail: � abelnau@ukr.net.
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Oksana Bezushchak1, Bogdana Oliynyk2

Hamming spaces and locally matrix algebras

1 Taras Shevchenko National University of Kyiv, Kyiv, Ukraine.
2 National University of Kyiv-Mohyla Academy, Kyiv, Ukraine.

The (standard) Hamming space Hn is the set of all n-tuples xn =
(x1, . . . , xn), xi ∈ {0, 1}, 1 ≤ i ≤ n, with the distance dHn

, that is
defined between two n-tuples as the number of coordinates where they
differ.

There are different generalizations of finite metric Hamming space
to infinite case, that are constructed as inductive limits of finite Ham-
ming spaces [1], [2]. We define abstract Hamming space, in countable
case coincides with known generalizations.

Recall that a Boolean algebra is a commutative algebra over the
field Z/2Z satisfying the identity x2 = x. A unital Hamming space
(H, r) is a pair consisting of a Boolean algebra H with 1 and a range
function r : H → [0, 1] satisfying the following conditions:
� r(a) = 0 if and only if a = 0,
� r(a) = 1 if and only if a = 1,
� if a, b ∈ H and ab = 0, then r(a+ b) = r(a) + r(b).
In our talk we introduce the operation of tensor product of abstract

Hamming spaces. We call a Hamming space locally standard if locally
it looks as Hn.

Theorem 1. Let H be a countable locally standard unital Hamming
space. Then H ∼= ⊗∞i=1 Hpi in which all Hpi are standard Hamming
spaces and all pi are prime numbers.

[1] P. J. Cameron and S. Tarzi, Limits of cubes, Topology Appl. 155 (2008) 1454–
1461.

[2] B. V. Oliynyk and V. I. Sushchanskii, The isometry groups of Hamming spaces
of periodic sequences, Sib. Math. J. 54 (2013) 124–136.

E-mail: � 1bezusch@univ.kiev.ua, � 2oliynyk@ukma.edu.ua.
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A. Bier

On groups with weak Sierpiński subsets

Silesian University of Technology, Gliwice, Poland.

This is joint work with Y. Cornulier and P. S lanina.
In a group G, a weak Sierpiński subset is a subset E such that for

some g, h ∈ G and a 6= b ∈ E, we have gE = E r {a} and hE =
E r {b}. We study the subgroup generated by g and h, and show
that has presentation of the form Gk = 〈g, h | (h−1g)k〉 or it is free
over (g, h). In addition, in such groups Gk, we characterize all weak
Sierpiński subsets.

E-mail: � agnieszka.bier@polsl.pl.
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D. Yu. Biletska1, I. V. Shapochka2

On central series of Chernikov p-groups

Uzhhorod National University, Uzhhorod, Ukraine.

We have studied the structure of the upper central series of an
arbitrary Chernikov p-group, which is an extension of divisible abelian
p-group by the cyclic p-group of the order p. Contrariwise the group
structure has been investigated in [1] for a hypercentral p-group with
upper central series Z0 ⊂ Z1 ⊂ . . . continue transfinitely with cyclic
factors Zk/Zk−1 of fixed order pn for some natural n for all finite k.

Definition 1. Let G be a hypercentral group with the central series

Z0 ⊂ Z1 ⊂ . . . ⊂ Zω ⊂ . . . ⊂ G, (1)

which is also composition series. We shall call the number of transfinite
numbers of the set of member indexes of the series (1) by the transfinite
length of this series.

We have proved the next result.

Theorem 1. Let G be an additive Chernikov p-group with maximal
divisible Abelian subgroup M , such that quotient group G/M is the
cyclic group of the order p. And let Γ be the integral matrix p-adic
representation of the quotient group G/M , induced by the homomor-
phism f : g → fg, g ∈ G, from the group G to the group of automor-
phisms AutM , where fg(m) = −g + m + g, m ∈ M . The transfinite
length of the composition series of the group G is equal to the num-
ber of the irreducible component g + M → 1 of the representation Γ
if G is Abelian group and one more than this number in the case of
non-Abelian group G.

[1] B. Hartley. A dual approach to Chernikov modules. Math. Proc. Cambridge
Phil. Soc. 1977. P. 215–239.
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The extended binary Golay code is the binary [24, 12, 8]-code, being
one of the most interesting self-dual code. It was shown in [1] that this
code can be constructed from an principle ideal of the group algebra
F2S4 over the two-element field F2 (S4 denotes, as usual, the symmetric
group of degree 4). In [2], the code was constructed from a principle
ideal F2D24v generated by some element v of F2D24 such that v =∑
g∈G αgg =

∑
g∈G αgg

−1 := v∗ (D24 denotes the dihedral group of
order 24). In [3], the code was constructed from an F2Gv with v = v∗

for G being one of the following groups of order 24: C3 ×D8, C2 ×A4,
(C6 × C2)o C2, and the number of such elements v was calculated. It
was also shown that there are no such elements v for other groups of
order 24 (note that there are 15 non-isomorphic groups of order 24).

We continue to study the extended binary Golay code from this
point of view. We pay particular attention to the most general case
(for all mentioned groups G), calculating the number of all elements
v ∈ F2G, for which the extended binary Golay code is constructed from
a principle ideal generated by v. In the following table our new results
are marked with the symbol +.

G Number of v, v = v∗ Number of all v
extended binary Golay code constructed from F2Gv

D24 768+ 36864+

S4 192+ 55296+

C3 ×D8 128 12288+

C2 ×A4 384 18432+

(C6 × C2)o C2 576 27648+

[1] Bernhardt, F., Landrock, P., & Manz, O. (1990). The extended Golay codes
considered as ideals. J. Combin. Theory Ser. A, 55, no. 2, 235–246.

[2] McLoughlin, I., & Hurley, T. (2008). A group ring construction of the extended
binary Golay code. IEEE Trans. Inform. Theory, 9 (54), 4381–4383.

[3] Dougherty, S. T., Gildea, J., Taylor, R., & Tylyshchak, A. (2018). Group rings,
G-codes and constructions of self-dual and formally self-dual codes. Designs,
Codes and Cryptography, 86 (9), 2115–2138.
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Let

f(z) = f(z1, . . . , zn) =

n∑
i=1

fiiz
2
i +

∑
i<j

fijzizj

be a quadratic form over R. A deformation of f(z) is (by definition
of the first author [1]) a family of quadratic forms parameterized by
points of a manifold, one of which corresponds to f(z). The most
simple deformations is local ones, i.e. these of the forms

f (s)(z, t) = tfssz
2
s +

∑
i 6=s

fiiz
2
i +

∑
i<j

fijzizj with fss 6= 0

and

f (p,q)(z, t) =

n∑
i=1

fiiz
2
i + tfpqzpzq +

∑
(i,j)6=(p,q)

fijzizj with fpq 6= 0,

where the parameter t runs R. The first and second types of local
deformations are said to be point-local (or simply local in more early
woks, in particular in [2]) and edge-local, respectively.

Local deformations were studied in many papers of the first author
and his science students. Our new results relate to study edge-local
deformations of quadratic Tits forms of serial Dynkin diagrams and
are a continuation of those of previous papers (in particular, [3]).

[1] V. M. Bondarenko, On types of local deformations of quadratic forms, Algebra
Discrete Math. 18 (2014), no. 2, 163-170.

[2] V. M. Bondarenko, V. V. Bondarenko, Yu. M. Pereguda, Local deformations
of positive-definite quadratic forms, Ukrainian Math. J. 64 (2012), no. 7, 1019-
1035 (in Russian).

[3] V. M. Bondarenko, V. A. Lisykevych (now Haiduk), Edge-local deformations
of the quadratic Tits forms of non-serial Dynkin diagrams, Scientific Bulletin
of Uzhhorod University, ser. of mathematics and informatics, 28 , No. 1, 2016,
35–47.
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2 Zhytomyr National Agroecological University, Zhytomyr, Ukraine.

In 2005, the authors classified the posets S with quadratic Tits
form qS(z) being positive (analogs of the Dynkin diagrams) together
with the P -critical posets, i.e. the smallest posets T with non-positive
qT (z) (analogs of the extended Dynkin diagrams) [1]. It is well-known
(see [2], [3]) that for any poset S with positive Tits form qS(z) there is a
unique (simply-laced) Dynkin diagram DS (called the Coxeter–Dynkin
type of S) such that qS(z) is Z-equivalent to the quadratic Tits form
qDS(z) of the graph DS.

A similar result holds for principal posets, which are a natural ge-
neralization of P -critical ones (a poset S is called principal if qS(z) is
non-negative and the symmetric matrix of qS(z) has corank 1). Namely,
for any principal poset S there is a unique (simply faced) extended
Dynkin diagram (in other words, Euclidean diagram) DS, called the
Coxeter–Euclidean type of S, such that qS(z) and qDS(z) are Z-equi-
valent [4, Proposition 9]. In [5] the author proved that DS can not be

a cycle (i.e. Ãs). So we have a solution of Problem 1.6 [6]. Our new
results are generalizations of these from [5] to other classes of posets.

[1] V. M. Bondarenko, M. V. Stepochkina, (Min, max)-equivalence of partially
ordered sets and quadratic Tits form, Zb. Pr. Inst. Mat. NAN Ukr., 2, N3
(2005), pp. 18–58.

[2] S. A. Ovsienko, Integral weakly positive forms, in: SchurMatrix Problems and
Quadratic Forms, Inst. Mat. Akad. Nauk USSR, 1978 (preprint 78.25), pp. 3–17.

[3] M. Ga̧siorek, D. Simson, One-peak posets with positive Tits quadratic form,
their mesh translation quivers of roots, and programming in Maple and Python,
Linear Algebra Appl., 436 (2012), pp. 2240–2272.

[4] D. Simson, K. Zala̧c A framework for Coxeter spectral classification of finite
posets and their mesh geometries of roots, Intern. J. Math. Mathematical Sci-
ences, Article ID 743734 (2013), 22 p.

[5] V. M. Bondarenko, M. V. Styopochkina, Strengthening of a theorem on
Coxeter–Euclidean type of principal partially ordered sets, Bulletin of University
of Kyiv, Series: Physics & Mathematics, No. 4 (2018), pp. 8–15.

[6] M. Ga̧siorek, D. Simson, K. Zala̧c Algorithmic computation of principal posets
using Maple and Python, Algebra and Discrete Mathematics, 17, No. 1 (2014),
pp. 33–69.
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2 Taras Shevchenko National University of Kyiv, Kyiv, Ukraine.

We consider matrix representations of oversemigroups of the semi-
group T generated by two mutually annihilating idempotents, T :=
(0, b, c) = 〈b, c〉: b2 = b, c2 = c, bc = 0, cb = 0; the matrix representa-
tions of T are classified in [1].

Denote by (b), (c), (bc), (cb) the defining relations b2 = b, c2 = c,
bc = 0, cb = 0, respectively, and introduce the following semigroups:

T (b) := T \ (b) := {0, b, c | c2 = c, bc = 0, cb = 0};
T (c) := T \ (c) := {0, b, c | b2 = b, bc = 0, cb = 0};
T (bc) := T \ (bc) := {0, b, c) | b2 = b, c2 = c, cb = 0};
T (cb) := T \ (cb) := {0, b, c | b2 = b, c2 = c, bc = 0}.
Put
T (x,y) := T \ {(x), (y)} for x, y ∈ {(b), (c), (bc), (cb)}, x 6= y;
T (x,y,z) := T \ {(x), (y), (z)} for x, y, z ∈ {(b), (c), (bc), (cb)}, x 6= y,

x 6= z, y 6= z.
Theorem. For an arbitrary field K,

1) T (x) is a semigroup of finite representation type
for x ∈ {(bc), (cb)};

2) T (x) is a tame semigroup of infinite representation type
for x ∈ {(b), (c)};

3) T (x,y) is a tame semigroup of infinite representation type
for x, y ∈ {(b), (c)} or x, y ∈ {(bc), (cb)};

4) T (x,y) is a wild semigroup for x ∈ {(b), (c)}, y ∈ {(bc), (cb)}
or x ∈ {(bc), (cb)}, y ∈ {(b), (c)};

5) T (x,y,z) is a wild semigroup for all x, y, z ∈ {(b), (c), (bc), (cb)}.

[1] V. M. Bondarenko, Ja. V. Zaciha, Canonical forms of matrix representations
of semigroups of small order, Scientific Bulletin of Uzhhorod University, ser. of
mathematics and informatics, 32 , No. 1, 2018, pp. 36–49.
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On 2-hereditary reducibility of some canonically cyclic
monomial matrices over commutative local rings
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Let K be a commutative ring with identity. A canonically cyclic
(monomial) matrix

A =


0 . . . 0 an
a1 . . . 0 0
...

. . .
...

...
0 . . . an−1 0


over K (with defining sequence (a1, a2, . . . , an)) is called 2-hereditary
reducible over K if the matrix A similar to(

A11 A12

0 A22

)
,

where matrices A11 and A22 are also canonically cyclic [1].
If K is a commutative local ring with Jacobson radical R 6= 0

and t ∈ R then a canonically cyclic matrix A with defining sequence
(ε1t

s1 , ε2t
s2 , . . . , εnt

sn), where εi ∈ K∗ (i = 1, 2, . . . , n), is called by us
canonically (t, ∗)-cyclic.

Let K be a commutative local ring with Jacobson radical R 6= 0
and let t be a non-zero element of R such that tm = 0, tm−1 6= 0.

Theorem 1. Any canonically (t, ∗)-cyclic monomial matrix A is 2-
hereditary reducible over K if the defining sequence of A contains sub-
sequences (ti, tp+q, tj) and (1), where i+ q ≥ m, j + p ≥ m.

Theorem 2. Any canonically (t, ∗)-cyclic monomial matrix A is 2-
hereditary reducible over K if the defining sequence of A contains sub-
sequences (ti, tu, tj , 1, tv) and (1, 1, 1), where i+ u ≥ m, j + v ≥ m.

[1] Bondarenko, V. M., & Bortosh, M. Yu. (2017). Sufficient conditions of reducibil-
ity in the category of monomial matrices over a commutative local ring. Scien-
tific Bulletin of Uzhhorod University, ser. of mathematics and informatics, 30
(1), 11 – 24.
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A ring R has stable range 1.5 if for each a, b ∈ R and c ∈ R\{0} such
that aR+bR+cR = R there exists r ∈ R such that (a+br)R+cR = R.

Each commutative Bézout domain R of stable range 1.5 is an el-
ementary divisor ring, i.e. for each A ∈ Rm×n there exist invertible
matrices P ∈ Rm×m and Q ∈ Rn×n such that

PAQ = diag(ϕ1, . . . , ϕk, 0, . . . , 0) = Φ,

where ϕi | ϕi+1 for i = 1, . . . , n− 1. The matrix Φ is called the Smith
normal form and P,Q are left and right transforming matrices of A.

To a matrix Φ ∈ Rn×n we correspond a subgroup GΦ ≤ GLn(R)
which is called the Zelisko group of Φ and it is definite as:

GΦ = {H ∈ GLn(R) | ∃S ∈ GLn(R) : HΦ = ΦS }.

For each m ∈ R we define the factor ring Rm = R/mR.
In our talk we give descriptions of elements of the Zelisko group GΦ

of a nonsingular matrix Φ = diag(ϕ1, . . . , ϕn) ∈ Rn×nm , where n ≥ 2.

Theorem 1. Among solutions of a solvable equation ax = b in Rm
there exists a solution which divides all other.

The solutions of a solvable equation ax = b which divides all other
are called generating solutions.

Theorem 2. The generating solutions of a solvable equation ax = b
are pairwise associable.

The set of generating elements of each solvable equation ax = b
contains a minimal element with respect to an ordering relation 4.
This minimal element we denoted by 〈 ba 〉.
Theorem 3. Let Φ = diag(ϕ1, . . . , ϕn) ∈ Rn×nm be nonsingular. Then
the Zelisko group GΦ consists of all invertible matrices of the form h11 h12 ··· h1, n−1 h1n

〈ϕ2
ϕ1
〉h21 h22 ··· h2,n−1 h2n

··· ··· ··· ··· ···
〈ϕn
ϕ1
〉hn1 〈ϕn

ϕ2
〉hn2 ··· 〈 ϕn

ϕn−1
〉hn,n−1 hnn

 , (hij ∈ Rm).

E-mail: � 1vbovdi@gmail.com, � 2shchedrykv@ukr.net.
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of the theory of representation of equipped posets
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The theory of representation of equipped posets was introduced and
developed by A.G. Zavadskij and his students in Kiev and Colombia
in the 1990’s and 2000’s, such theory can be viewed as a way to ad-
dress the biquadratic homogeneous problem. The description of this
problem deal with generalizations to the Kronecker problem for in-
stance, the semilinear Kronecker problem solved by Djoković as well as
the more general pseudo-linear bundle case introduced by Sergeichuk
who investigated systems of linear differential equations of the form
A(t)y′ + B(t)y = f(t) by determining the canonical form of the pairs
(A(t), B(t)) [2–4].

In order to describe solutions of the biquadratic homogeneous prob-
lem, Zavadskij rediscovered the Krawtchouk matrices giving some of
its combinatorial properties. We recall that Krawtchouk matrices have
been a tool to solve problems in different areas, e.g., quantum comput-
ing, probability, Lie algebras, representation theory, statistics, differen-
tial equations, combinatorics, etc [1].

In this talk, we describe some topics regarding the theory of rep-
resentation of equipped posets (in particular categorical properties of
some algorithms of differentiation) its relationship with the biquadratic
homogeneous problem and the Zavadskij calculus which is a tool to
solve systems of non-linear differential equations of the form y′(t) +
y2(t)A = B, where A and B are square matrices of the same size. We
will see that Krawtchouk matrices allow to obtain explicit solutions of
these kind of systems of differential equations.

[1] P. Feinsilver, J. Kocik. Krawtchouk polynomials and Krawtchouk matrices. Re-
cent advances in applied probability, 115–141, 2005.

[2] A.G. Zavadskij. Tame equipped posets. Linear Algebra Appl., (365), 389–465,
2003.

[3] A.G. Zavadskij.Equipped posets of finite growth. Representations of Algebras
and Related Topics, AMS, Fields Inst. Comm. Ser, (45), 363–396, 2005.

[4] A.G. Zavadskij. On the Kronecker problem and related problems of linear alge-
bra. Linear Algebra Appl., (425), 26–62, 2007.
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Metabelian nilpotent Lie algebras of derivations
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Let K be an algebraically closed field of characteristic zero, A an
integral domain over K, R the quotient field FracA, and DerKA the Lie
algebra of all K-derivations on A. Denote by W (A) the Lie subalgebra
RDerKA ⊆ DerKR and by un(K) = K[x2, . . . , xn] ∂

∂x1
+ · · ·+K ∂

∂xn
the

triangular Lie algebra.
For a Lie subalgebra L ⊆ W (A) define the rank of L over R as

rankRL = dimRRL (note that RL is a vector space over R, but not a
Lie algebra). If I is an ideal of a Lie algebra L ⊆W (A), then RI ∩L is
an ideal of L. We consider nilpotent Lie subalgebras L ⊆W (A) of rank
n such that the quotient algebra L/(RZ ∩ L) is abelian, where Z =
Z(L) is the center of L (note that these Lie algebras are metabelian).
We show that the Lie algebra FL (as a Lie algebra over F ) can be
isomorphically embedded in the triangular Lie algebra un(F ), where
F = RL is the field of constants. This result generalizes the main
results of the papers [4], [5]. The triangular Lie algebra was studied
in [1], [2], some properties of nilpotent Lie subalgebras of W (A) were
given in [3].

Theorem 1. Let L ⊂ W (A) be a nilpotent Lie subalgebra of finite
rank n over R with the field of constants F = RL. If L/(RZ ∩ L) is
abelian, then the Lie algebra FL can be isomorphically embedded in the
triangular Lie algebra un(F ) (as an abstract Lie algebra).

[1] V. V. Bavula. Lie algebras of triangular polynomial derivations and an isomor-
phism criterion for their Lie factor algebras. Izv. RAN. Ser. Mat., 2013, 77,
Issue 6, 3–44.

[2] V. V. Bavula. Every monomorphism of the Lie algebra of triangular polynomial
derivations is an automorphism, Comptes Rendus Mathematique, (2012), v. 350,
no. 11–12, 553-556.

[3] Ie. O. Makedonskyi, A. P. Petravchuk. On nilpotent and solvable Lie algebras
of derivations. J. Algebra, 2014, 401, 245–257.

[4] A. P. Petravchuk. On nilpotent Lie algebras of derivations of fraction fields,
Algebra Discrete Math., (2016), v. 22, no. 1, 116–128

[5] K. Ya. Sysak. On nilpotent Lie algebras of derivations with large center, Algebra
Discrete Math., (2016), v. 21, no. 1, 153–162.
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Calabi-Yau algebras and noncommutative symplectic
geometry
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The notion of Calabi-Yau algebras was introduced by Ginzburg in
2007 and has been intensively studied in the past decade. In this talk,
we show that there is a noncommutative, shifted symplectic structure
on Koszul Calabi-Yau algebras, which also introduces a shifted sym-
plectic structure on their derived character varieties (a notion intro-
duced by Berest et al). We will also discuss the quantization of the
symplectic structure, and show that it is induced from (a version of)
the quantization on the Calabi-Yau algebras.

E-mail: � 1xjchen@scu.edu.cn, � 2olimjon55@hotmail.com.
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An algebra L over a field F is said to be a Leibniz algebra if it satis-
fies the Leibniz identity: [[a, b], c] = [a, [b, c]]−[b, [a, c]] for all a, b, c ∈ L.
A subalgebra S of a Leibniz algebra L is called a core-free, if S does not
include a non-zero ideal. Let L be a Leibniz algebra. The intersection
of all non-zero ideals Mon(L) of L is called the monolith of a Leibniz
algebra L. If Mon(L) 6= 〈0〉, then the Leibniz algebra L is called mono-
lithic. It was obtained a description of a struture of a Leibniz algebras
whose subalgebras are ideals or core-free.

Theorem 1. Let L be a non-monolithic Leibniz algebra. If every sub-
algebra of L, which is not an ideal, is core-free, then every subalgebra
of L is an ideal.

Theorem 2. Let L be a Leibniz algebra. Suppose that L includes a
subalgebra, which is not an ideal, and every subalgebra of L, which is
not an ideal, is core-free. If the center of L is non-zero, then L satisfies
the following conditions:

(i) L is monolithic, and Mon(L) = ζ(L) = γ3(L), in particular,
dimF (ζ(L)) = 1;

(ii) γ2(L) = [L,L] ≤ ζ2(L) and γ2(L) has dimension 2;
(iii) every subalgebra of L, which is not an ideal, is Abelian;
(iv) every subalgebra of L/ζ(L) is an ideal.
Conversely, if L is a Leibniz algebra satisfying the above conditions,

then every subalgebra of L either is core-free or an ideal.

Theorem 3. Let L be a monolithic Leibniz algebra whose center is
zero. Suppose that every subalgebra of L, which is not an ideal, is
core-free. If L is not a Lie algebra, then the following conditions hold:

(i) Mon(L) is a minimal ideal of L;
(ii) Mon(L) is a maximal Abelian ideal of L;
(iii) L = Mon(L)⊕A for some Abelian subalgebra A;

(iv) AnnL(Mon(L)) = AnnleftL (Mon(L)) = Mon(L).
Conversely, if L is a Leibniz algebra satisfying the above conditions,

then every subalgebra of L either is core-free or an ideal.

E-mail: � 1vchupordia@gmail.com, � 2lkurdachenko@i.ua,
� 3dr.mykola.semko@gmail.com.
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All rings considered will be associative and have nonzero identity.
An element a of the Bezout ring R is called a right adequate element

if for any element b ∈ R there exist elements r, s ∈ R so that: 1) a = rs;
2) bR+ rR = R; 3) ∀s′ ∈ R, sR ⊂ s′R 6= R⇒ bR+ s′R 6= R [1].

A ring R is said to be a clean ring if for any element x ∈ R there
exists an invertible element u ∈ R and an idempotent e ∈ R such that
x = u+ e [2].

A ring R is called an exchange ring if, for every x ∈ R, there is
an idempotent e ∈ R such that e ∈ xR and (1 − e) ∈ (1 − x)R. Von
Neumann regular rings are examples of exchange rings.

A ring R is called duo-ring if every right and left ideal in R is an
ideal.

A ring R is said to be a ring of an idempotent stable range 1 if for
any a, b ∈ R such that Ra+Rb = R, there exists an idempotent e ∈ R
such that a+ eb is a unit of R [3].

Theorem 1. Let a be a right adequate element of a duo-ring R. Then
zero is right adequate element of the factor-ring R/aR.

Theorem 2. Let R be a duo ring in which zero is right adequate ele-
ment. Then R is a ring of an idempotent stable range 1.

Theorem 3. Let R be a duo ring in which zero is right adequate ele-
ment. Then the following statements hold:

1) R is a clean ring.
2) R is an exchange ring.
3) R is a ring of an idempotent stable range 1.

[1] Gatalevych A. On adequate and generalized adequate duo-rings and elementary
divisor duo-rings. Mat. Stud. 9, (1998), 115-119. (in Ukrainian)

[2] W.K. Nicholson, Lifting idempotents and exchange rings, Trans. Amer. Mat.
Soc.229, (1977), 269–278.

[3] McGovern W. Bezout rings with almost stable range 1 are elementary divisor
rings. J. Pure and Appl. Algebra. 212 (2008), 340–348.
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A locally finite category over a Dedekind domain R is a category
A such that all sets of morphisms A(A,B) are finitely generated R-
modules and the multiplication of morphsims is R-bilinear. We denote
by Q the field of fractions of R, by R̂p the p-adic completion of the local

ring Rp, by Q̂p the field of fractions of R̂p and consider the categories

QA, Ap, Âp and QÂp obtained fromA by extending scalars from R, re-

spectively, to Q, Rp, R̂p and Q̂p. We calculate the Grothendieck group
K0(A) under the next restriction, which holds true in most situations.

Definition 1. We say that A satisfies the Max-condition if for every
indecomposable object V ∈ QA there is an object S(V ) ∈ A such that
QS ' V and ∆(V ) = EndA S(V )/ nil EndA S(V ) is a maximal order
in the semisimple Q-algebra EndQA V/ nil EndQA V .

We denote by G(A) the genus of an object A ∈ A, that is the
set of objects A′ such that A′p ' Ap for all prime p, and consider the
Grothendieck group of genera K0(GA).

Theorem 1. If a locally finite category A satisfies the Max-condition,
K0(A) = Cl(A) ⊕ K0(GA), where K0(GA) is a free abelian group
which is the glueing of free groups K0(Ap) along the common quo-
tient K0(QA) and Cl(A) =

⊕
V Cl(∆(V )), where V runs through the

isomorphism classes of indecomposable objects from QA and Cl(∆(V ))
denotes the group of the ideal classes of the maximal order ∆(V ) [2].

As an immediate corollary, we obtain a new proof of the Freyd
theorem on the Grothendieck group of the stable homotopy category of
polyhedra SW, see [1] .

Theorem 2 (Freyd). K0(SW) is a free abelian group with a basis con-
sisting of genera of indecomposable p-primary polyhedra.

Here a p-primary polyhedron A is such that Aq is isomorphic to a bou-
quet of spheres for all primes q except exactly one prime p.

[1] Cohen, J. M.: Stable Homotopy. Lecture Notes in Math. 165, Springer, 1970.
[2] Reiner, I.: Maximal Orders. Clarendon Press, 2003.

E-mail: � y.a.drozd@gmail.com.
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V. M. Fedorchuk1, V. I. Fedorchuk2

On some applications of classification of low-dimensional Lie
algebras

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of
National Academy of Sciences of Ukraine,
L’viv, Ukraine.

We plan to present a short review of some applications of classifi-
cation of low-dimensional Lie algebras. The details can be found in:

[1] Lie S., Engel F. Theorie der Transformationsgruppen. — Leipzig:Teubner,
1888, 1890, 1893.- Bd. 1-3.

[2] Mubarakzyanov G.M. On solvable Lie algebras, Izv. Vyssh. Uchebn. Zaved.,
Ser. Mat., (1963) no. 1(32), 114–123.

[3] Mubarakzyanov G.M. Classification of real structures of Lie algebras of order
five, Izv. Vyssh. Uchebn. Zaved., Ser. Mat., (1963) no. 3(34), 99–106.

[4] Petrov A.Z. New methods in the general theory of relativity. (Russian). Nauka,
Moscow, 1966. 496pp.

[5] Patera J., Sharp R.T., Winternitz P., Zassenhaus H. Invariants of real low
dimension Lie algebras. J. Math. Phys. 17 (1976), no. 6, 986–994 .

[6] Mahomed F.M., Leach P.G.L. Lie algebras associated with scalar second-order
ordinary differential equations. J. Math. Phys. 30 (1989), no. 12, 2770–2777.

[7] Popovych R.O., Boyko V.M., Nesterenko M.O., Lutfullin M.W. Realizations
of real low-dimensional Lie algebras. J. Phys. A 36 (2003), no. 26, 7337–7360.

[8] Ovsjannikov L.V. Group analysis of differential equations. (Russian). Nauka,
Moscow, 1978. 399pp. (English translation, Academic Press: New York, 1982.)

[9] Grundland A.M., Harnad J., Winternitz P. Symmetry reduction for nonlinear
relativistically invariant equations. J. Math. Phys. 25 (1984), no. 4, 791–806.

[10] Cerquetelli T., Ciccoli N., Nucci M.C. Four dimensional Lie symmetry algebras
and fourth order ordinary differential equations. Special issue in honour of
P.G.L. Leach on the occasion of his 60th birthday. J. Nonlinear Math. Phys.
9 (2002), suppl. 2, 24–35.

[11] Lahno V., Zhdanov R., Magda O. Group classification and exact solutions of
nonlinear wave equations. Acta Appl. Math. 91 (2006), no. 3, 253–313.

[12] Fedorchuk V.M., Fedorchuk V.I. On classification of the low-dimensional non-
conjugate subalgebras of the Lie algebra of the Poincaré group P (1, 4). Proceed-
ings of Institute of Mathematics of NAS of Ukraine 3 (2006), no. 2, 302–308.

[13] Fedorchuk V., Fedorchuk V. On Classification of Symmetry Re-
ductions for the Eikonal Equation; Symmetry 2016, 8(6), 51;
https://doi.org/10.3390/sym8060051

[14] Fedorchuk V., Fedorchuk V. Classification of Symmetry Reductions for the
Eikonal Equation. Pidstryhach Institute for Applied Problems of Mechanics
and Mathematics of National Academy of Sciences of Ukraine, Lviv, 2018.
176pp.

[15] Fedorchuk V.M., Fedorchuk V.I. On the classification of symmetry reduction
and invariant solutions for the Euler-Lagrange-Born-Infeld equation. Ukr. J.
Phys. 64 (2019), no. 12, 1103–1107, https://doi.org/10.15407/ujpe64.12.1103.

E-mail: � 1vasfed@gmail.com, � 2volfed@gmail.com.

34



Vyacheslav Futorny

Localization functors and Gelfand-Tsetlin modules

University of São Paulo, Brazil

Localization functors, introduced by V. Deodhar, are important
tools in the representation theory. They were used successfully in var-
ious classification problems. We study localization functors assigned
to an arbitrary non-simple root of a Lie algebra on the category O.
This allows to construct explicitly a large new class of simple modules
together with their geometric realization. The talk is based on joint
results with Libor Křižka.

E-mail: � futorny@ime.usp.br.
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O. G. Ganyushkin1, O. O. Desiateryk2

The automorphism group of a variant of a power set

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine.

Let (L,6) be a lower semilattice, a ∈ L is an arbitrary element. A
lower conus of a we will denote ∆a = {x ∈ L|x ∧ a = x}.
Proposition 1. Let (L, ∗a) be a variant, a ∈ L. Then a set of gener-
ating elements of the variant contains L \∆a.

Let B(M) be a power set of M = {1, 2, . . . , n}. If the set A ⊂ N
then by B(A) we denote a power set of A.

Proposition 2. Let (B(M), ∗A) be a variant generated by the set A.
Then B(M) \B(A) is a set of generating elements.

Theorem 3. Let Aut(B(M), ∗A) be an automorphism group of the
variant (B(M), ∗A), |M | = n and |A| = k. Then Aut(B(M), ∗A)

isomorphic to a wreath product Ŝk o S2n−k−1 of symmetric groups Ŝk
and S2n−k−1, and Ŝk is an induced action of a symmetric group Sk on
the subsets of the set {1, 2, . . . , k}.

E-mail: � 1ganiyshk@univ.kiev.ua, � 2sasha.desyaterik@gmail.com.
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A. Gatalevych

Bezout rings of neat range 1

Lviv National Ivan Franko University, Lviv, Ukraine.

All rings considered will be commutative and have identity.
We introduce the necessary definitions and facts.
By a Bezout ring we mean a ring in which all finitely generated

ideals are principal. An n by m matrix A = (aij) is said to be diagonal
if aij = 0 for all i 6= j. We say that a matrix A of the dimension
n by m admits a diagonal reduction if there exist invertible matrices
P ∈ GLn(R), Q ∈ GLm(R) such that PAQ is a diagonal matrix. We
say that two matrices A and B over a ring R are equivalent if there exist
invertible matrices P,Q such that B = PAQ. Following Kaplansky [1],
we say that if every matrix over R is equivalent to a diagonal matrix
(dii) with the property that every (dii) is a divisor of di+1,i+1, then R
is an elementary divisor ring. An element a ∈ R is called clean if a can
be written as the sum of a unit and an idempotent. If each element of
R is clean, then we say R is a clean ring [2]. A ring R is said to have
stable range 2 if for all a, b, c ∈ R such that aR + bR + cR = R, there
exists x, y ∈ R such that (a+ cx)R+ (b+ cy)R = R.

Definition 1. An element a ∈ R is called a neat element if the ring
R/aR is a clean ring.

Definition 2. A ring R is said to be a ring of neat range 1 if for any
elements a, b ∈ R such that aR+ bR = R and for any nonzero element
c ∈ R there exist such elements u, v, t ∈ R that a + bt = uv, where
uR+ cR = R, vR+ (1− c)R = R, and uR+ vR = R.

Theorem 1. Let R be a Bezout ring of neat range 1. Then R is a ring
of stable range 2.

Theorem 2. Let R be a Bezout ring of neat range 1. Then R is an
elementary divisor ring.

[1] I.Kaplansky, Elementary divisors and modules, Trans. Amer. Math. Soc.
66(1949), 464–491.

[2] W.K.Nicholson Lifting idempotents and exchange rings, Trans.Amer.Math.Soc.
229 (1977), 269–278.

E-mail: � gatalevych@ukr.net.
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N. M. Glazunov

Joint research (1977-1984 years) of the department of
information languages and systems of IK AN USSR and the

department of algebra and mathematical logic of KSU on
the algorithmic and semantic aspects of algebraic problems

of combinatorics, and modern prospects

National Aviation University, Kyiv, Ukraine.

During 1977-1984 years above mentioned in the abstract title re-
search have be implemented. From the side of KSU, the research was
led by L.A. Kaluzhnin, and from the side of the Cybernetics Institute
of the Academy of Sciences of the Ukrainian SSR, A.A. Stogniy. The
conducted studies are reflected in the publications of participants in
the collections of works:
Computations in algebra and combinatorial analysis. Kiev: Inst. of
Cyb. Ac. Sci. Ukr. SSR, 1978.,
Computations in algebra, combinatorics and number theory. Kiev:
Inst. of Cyb. Ac.Ukr.SSR.1980.,
as well as in publications
Kalughnin L.A., Stogny A.A., Glazunov N.M. Sushchansky V.I. Prob-
lems Concerned with Development of Algebraic Computer Aided Re-
search.Cybernetics (Kibernetika, Kiev), 1983, no. 2, pp.1-10.
Glazunov N.M., Kalughnin L.A., Sushchansky V.I. Programming Sys-
tem for solving Combinatorial Problems of Modern Algebra. (in Rus-
sian)Analytical machine computations and their application in theoreti-
cal physics. Proceedings of the International Conference. Dubna: Joint
Institute for Nuclear Research. 1980, pp.23-36
and in others.
In the process of these studies, the author developed and proposed
a conceptual model for the integration of knowledge, algorithms, and
software in group theory, in the theory of algebraic groups, and in the
theory of formal groups.
Then I have extended this model on semantic ontologies.
In the present communication I plan to present the current state of the
model.

E-mail: � glanm@yahoo.com.
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R. Golovko

On holomorphic Cthulhu

Charles University, Prague, Czechia.

In this talk we present the definition of Floer theory for Lagrangian
cobordisms (Cthulhu homology) and its applications. This is joint work
with Baptiste Chantraine, Georgios Dimitroglou Rizell and Paolo Ghig-
gini.

E-mail: � golovko@karlin.mff.cuni.cz.
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W. Ho lubowski1, M. Maciaszczyk2, S. Żurek

Normal subgroups in the group of column-finite infinite
matrices

1,2 Silesian University of Technology, Gliwice, Poland.

The classical result, due to Jordan, Burnside, Dickson, says that
every normal subgroup of GL(n,K) (K - a field, n ≥ 3) which is not
contained in the center, contains SL(n,K). A. Rosenberg gave de-
scription of normal subgroups of GL(V ), where V is a vector space of
any infinite cardinality dimension. However, when he considers sub-
groups of the group of linear transformations g such that g − idV has
finite dimensional ranges the proof is not complete. We fill this gap
for countably dimensional V giving description of the lattice of normal
subgroups in the group of infinite column-finite matrices indexed by
positive integers over any field.

E-mail: � 1waldemar.holubowski@polsl.pl.
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H. V. Krainichuk

On generalized binary quasigroup functional equations of the
type (5; 2; 0)

Vasyl’ Stus Donetsk National University, Vinnytsia, Ukraine.

Let Q be a set. A mapping f : Q2 → Q is called a binary
invertible function, if there exist functions f1 and f2 such that the
identities f(f1(x, y), y) = x, f1(f(x, y), y) = x, f(x, f2(x, y)) = y,
f2(x, f(x, y)) = y hold. A generalized binary quasigroup functional
equation of the type (5; 2; 0) means that all functional variables are pair-
wise different and take on their values in the set of all binary invertible
functions defined on a set Q and it has two individual variables with 5
and 2 appearances. Non-triviality implies that each individual variable
appears at least twice. A length of a functional equation is a number of
all occurrences of all functional variables in the equation including their
repetitions. Two equations are said to be parastrophically-primarily
equivalent [1], if one can be got from the other by applying the equali-
ties given above.

Theorem 1. There exist at least 11 non-trivial generalized binary
quasigroup functional equations of the length 5 of the type (5,2,0) up to
a parastrophically primary equivalence:

F1(x;F2(y; y)) = F3(F4(x;x);F5(x;x)),

F1(x;F2(x;x)) = F3(F4(x;x);F5(y; y)),

F1(x;F2(y; y)) = F3(x;F4(x;F5(x;x))),

F1(x;F2(x; y)) = F3(F4(x;x);F5(x; y)),

F1(x;F2(x;x))) = F3(F4(x; y);F5(x; y)),

F1(y;F2(x; y))) = F3(F4(x;x);F5(x;x)),

F1(y;F2(x;x))) = F3(F4(x;x);F5(x; y)),

F1(x;F2(x; y)) = F3(x;F4(x;F5(x; y))),

F1(y;F2(x;x)) = F3(y;F4(x;F5(x;x))),

F1(y;F2(x;x)) = F3(x;F4(y;F5(x;x))),

F1(y;F2(x; y)) = F3(x;F4(x;F5(x;x))).

[1] Sokhatsky F.M. Parastrophic symmetry in quasigroup theory // Bulletin of
Donetsk National University. Series A: Natural Sciences. — N. 1–2. — 2016. —
P. 70–83.

E-mail: � kraynichuk@ukr.net.
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Ya. A. Kryklia

On free n-trinilpotent triods

Luhansk Taras Shevchenko National University, Starobilsk, Ukraine.

Recall that a trioid [1] is a nonempty set T equipped with three
binary associative operations a, `, and ⊥ satisfying the following eight
axioms:

(x a y) a z = x a (y ` z), (x ` y) a z = x ` (y a z),
(x a y) ` z = x ` (y ` z), (x a y) a z = x a (y ⊥ z),
(x ⊥ y) a z = x ⊥ (y a z), (x a y) ⊥ z = x ⊥ (y ` z),
(x ` y) ⊥ z = x ` (y ⊥ z), (x ⊥ y) ` z = x ` (y ` z) for all

x, y, z ∈ T .
An element 0 of a trioid (T,a,`,⊥) is called zero [3], if x ∗ 0 = 0 =

0 ∗ x for all x ∈ T and ∗ ∈ {a,`,⊥}. As usual, N denotes the set of
all positive integers. A semigroup S with zero 0 is called nilpotent, if
Sn+1 = 0 for some n ∈ N. The least such n is called the nilpotency
index of S. For k ∈ N a nilpotent semigroup of nilpotency index ≤ k
is said to be k-nilpotent. A trioid (T,a,`,⊥) with zero will be called
trinilpotent, if (T,a), (T,`) and (T,⊥) are nilpotent semigroups. A
trinilpotent trioid (T,a,`,⊥) will be called n-trinilpotent, if (T,a),
(T,`) and (T,⊥) are n-nilpotent semigroups.

The notion of a trinilpotent trioid is an analog of notions of a
dinilpotent dimonoid [2] and a dinilpotent doppelsemigroup [4]. It is
clear that operations of any 1-trinilpotent trioid coincide and it is a
zero semigroup. The class of all n-trinilpotent trioids forms a subva-
riety of the variety of trioids. A trioid which is free in the variety of
n-trinilpotent trioids will be called a free n-trinilpotent trioid.

We solve the problem of constructing a free n-trinilpotent trioid.
We also consider separately free n-trinilpotent trioids of rank 1.

[1] Loday, J.-L., Ronco, M.O.: Trialgebras and families of polytopes. Contemp.
Math. 346, 369–398 (2004)

[2] Zhuchok, A.V.: Free n-dinilpotent dimonoids. Problems of Physics, Mathemat-
ics and Technics. 17, no. 4, 43–46 (2013)

[3] Zhuchok, A.V.: Trioids. Asian-Eur. J. Math. 8, no. 4, 1550089 (23 p.) (2015)
doi: 10.1142/S1793557115500898

[4] Zhuchok, A.V., Demko, M.: Free n-dinilpotent doppelsemigroups. Algebra Dis-
crete Math. 22, no. 2, 304–316 (2016)

E-mail: � krivorotko.yana@gmail.com.
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M. Kuchma

The relation between the diagonal entries and the
eigenvalues of a matrix

Lviv Polytechnic National University, Lviv, Ukraine.

The well-known Brauer’s theorem describes one of the ways to ad-
just the eigenvalue of a matrix.

The application of this theorem played a key role in early website
ranking methods and the emergence of the Google matrix.

In some applications, we would like to adjust an eigenvalue of a
matrix by adding a suitable idetity matrix I multiplied by a scalar
(real or complex).

The following theorems describe the relation between the diagonal
entries and the eigenvalues of a matrix.

Theorem 1. Let A ∈Mn(C) and let λ1, λ2, . . . , λn be its eigenvalues
including multiplicities.

Let k ≥ 2 and let A1, A2, . . . , Ak ∈ Mn(C) such that Al = A + lI,
l = 1, . . . , k. Then

1) AiAj = AjAi for all i, j = 1, . . . , k;
2) the scalars λ1 + l, λ2 + l, . . . , λn + l are eigenvalues of Al, l =

1, . . . , k;
3) the eigenvectors of Al, l = 1, . . . , k and A coincide.

Theorem 2. Let A ∈Mn(C) and let k ≥ 2, Al = A+ lI, l = 1, . . . , k.
There is some ordering λi1, λ

i
2, . . . , λ

i
n of the eigenvalues of Ai and

some ordering µj1, µ
j
2, . . . , µ

j
n of the eigenvalues of Aj such that λi1+

µj1, λ
i
2 + µj2, . . . , λ

i
n + µjn are the eigenvalues of Ai + Aj for all

i, j = 1, . . . , k and λ1
iµj1, λ

i
2µ
j
2, . . . , λ

i
nµ

j
n are the eigenvalues of

AiAj for all i, j = 1, . . . , k.

In this case, the eigenvectors that correspond to the corresponding
eigenvalues of the matrices Ai +Aj , AiAj for all i, j = 1, . . . , k and A
coincide.

[1] R. A. Horn and Ch. R. Johnson, Matrix Analysis, 2nd edn., Cambridge Univer-
sity Press, Cambridge, 2013.

[2] G. H. Golub and Ch. F. Van Loan, Matrix Computations, 4th edn., Johns
Hopkins Studies in the Mathematical Sciences, Johns Hopkins University Press,
Baltimore, MD, 2013.

E-mail: � markuchma@ukr.net.
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G. Kudryavtseva

F -inverse monoids in enriched signature

University of Ljubljana, Ljubljana, Slovenia

Every F -inverse monoid can be equipped with a second unary op-
eration a 7→ am. Here am denotes the greatest element in the σ-class of
a. In this enriched signature, the class of all F -inverse monoids forms
a variety of algebraic structures. We describe universal objects in sev-
eral classes of F -inverse monoids, in particular free F -inverse monoids.
More precisely, for every X-generated group G we describe the initial
object in the category of all X-generated F -inverse monoids F for which
F/σ = G.

This is a joint work with K. Auinger (Vienna) and M. B. Szendrei
(Szeged).

E-mail: � ganna.kudryavtseva@fgg.uni-lj.si.
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L. A. Kurdachenko1, A. A. Pypka2, I. Ya. Subbotin3

Groups containing only normal, contranormal and core-free
subgroups

1,2 Oles Honchar Dnipro National University, Dnipro, Ukraine.
3 National University, Los Angeles, USA.

Let G be a group. The following two normal subgroups are associ-
ated with any subgroup H of G: HG, the normal closure of H in G, and
CoreG(H), the normal core of H in G. We have HG = 〈Hx| x ∈ G〉
and CoreG(H) =

⋂
x∈GH

x.
A subgroup H is normal in G iff CoreG(H) = H. In this sense, the

subgroups H, for which CoreG(H) = 〈1〉, are the complete opposite
to the normal subgroups. A subgroup H of G is called core-free in G if
CoreG(H) = 〈1〉. A subgroup H is normal in G iff HG = H. In this
sense, the subgroups H, for which HG = G, are the complete opposites
to the normal subgroups. A subgroup H of G is called contranormal in
G if HG = G [2].

For each subgroup H of a group G we have the following two ex-
treme and opposite situations: HG = H or HG = G, and, respectively,
CoreG(H) = H or CoreG(H) = 〈1〉. Groups, whose subgroups are ei-
ther normal or core-free, have been studied in [1]. The study of groups,
whose subgroups are either normal or contranormal was initiated in [3].
We have substantially supplemented the results of the last paper.

Theorem A. Let G be a group, whose non-normal subgroups are
contranormal. If G is not soluble, then G is simple or quasisimple.

Also we obtained a detailed description of soluble groups whose non-
normal subgroups are contranormal (8 types of groups). Moreover, we
obtained a very detailed description of some soluble periodic groups
whose non-normal subgroups are either contranormal or core-free (24
types of groups). Separately, we can distinguish the following

Theorem B. Let G be a group, whose non-normal subgroups are
either contranormal or core-free. If G is locally soluble, then G is a
soluble group.

[1] L. A. Kurdachenko, A. A. Pypka, I. Ya. Subbotin: “On the structure of groups
whose non-normal subgroups are core-free”, Mediterr. J. Math. 16 (2019), 136.

[2] J. S. Rose: “Nilpotent subgroups of finite soluble groups”, Math. Z. 106 (1968),
97–112.

[3] I. Ya. Subbotin: “Groups with alternatively normal subgroups”, Izv. Vyssh.
Uchebn. Zaved. Mat. 3 (1992), 86–88.

E-mail: � 1lkurdachenko@i.ua, � 2pypka@ua.fm, � 3isubboti@nu.edu.
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L. A. Kurdachenko1, I. Ya. Subbotin2, V. S. Yashchuk3

On Leibniz algebras whose subalgebras are left ideals

1,3 Oles Honchar Dnipro National University, Dnipro, Ukraine.
2 National University, Los Angeles, USA.

Let L be an algebra over a field F with the binary operations +
and [, ]. Then L is called a Leibniz algebra (more precisely a left Leibniz
algebra), if it satisfies the (left) Leibniz identity:

[[a, [b, c]] = [[a, b], c] + [b, [a, c]] for all a, b, c ∈ L.

Note that the Lie algebras are the partial case of Leibniz algebras.
Thus, Lie algebras can be characterized as anticommutative Leibniz
algebras.The significant difference between Lie algebras and Leibniz al-
gebras, which are distinguished by the same restriction, can be traced
in [1–3]. In particular, such a situation takes place for the Leibniz al-
gebras whose subalgebras are ideals. Again, in the case of Lie algebras,
we arrive at the Abelian algebras, while in the case of Leibniz algebras,
the following interesting type of algebras arises here.

Theorem. Let L be a Leibniz algebra over a field F, and let all
subalgebras of L be left ideals. Suppose that L is cyclic and not abelian.

(i) If L is nilpotent, then L = Fa ⊕ Fb, where b = [a, a], [b, a] =
= [a, b] = 0.

(ii) If L is not nilpotent, then L = 〈a〉 = Fd ⊕ Fb, where b = [a, a],
[d, d] = [a, d] = [b, b] = [b, a] = [b, d] = 0, [d, a] = b and [a, b] =
= [d, b] = λb, where λ is a non-zero element of field F .

(iii) If L is not nilpotent, L = Fd⊕ Fb, where [d, d] = 0 = [b, b], then
L is cyclic.

Conversely, if L is a Leibniz algebra of the above types (i) or (ii),
then every subalgebra of L is a left ideal.

[1] L. A. Kurdachenko, N. N. Semko, I. Ya Subotin: “The Leibniz algebras whose
subalgebras are ideals”. Open Mathematics 15 (2017), 92–100.

[2] L. A. Kurdachenko, I. Ya Subotin, V. S. Yashchuk: “Leibniz Algebras Whose
Subideals are Ideals”. Journal of Algebra and Its Applications 17, No. 8 (2018),
1850151 (15 pages). DOI: 10.1142/S021949881850151

[3] L. A. Kurdachenko, I. Ya Subotin, V. S. Yashchuk: “On ideals and contraideals
in Leibniz algebras”. Reports of the National Academy of Sciences of Ukraine,
No. 1 (2020), 11–15.

E-mail: � 1lkurdachenko@i.ua, � 2isubboti@nu.edu,
� 3viktoriia.s.yashchuk@gmail.com.
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Yaroslav Lavrenyuk1, Andriy Oliynyk2, Daryna Oliynyk3

Minimal generating sets in wreath powers

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine.

Let (T,X) be a finite transformation semigroup or permutation
group. The infinite wreath power W∞(T,X) of (T,X) is the semi-
group of transformations or group of permutations of the free monoid
X∗ defined by initial automata over X such that in every their state
only transformations or permutations from (T,X) appear. The defi-
nition of the finite state wreath power FW∞(T,X) of (T,X) include
additional requirement for automata to be finite. In [1] it is found
sufficient conditions under which FW∞(T,X) posses no minimal gen-
erating sets. From the other hand, in [2] it is proved that infinite and
finite state wreath powers of finite symmetric groups naturally acting
on underlying sets contain minimal generating sets.

Let p be a prime.

Theorem 1. Infinite wreath power W∞(Zp,Zp) of the regular cyclic
group of order p contains a minimal generating set.

Theorem 2. Finite state wreath power FW∞(Zp,Zp) of the regular
cyclic group of order p contains a minimal generating set.

[1] Oliynyk, A. Finite state wreath powers of transformation semigroups. Semigroup
Forum. 2011. Vol. 82. P. 423–436.

[2] Lavrenyuk, Y. The group of all finite-state automorphisms of a regular rooted
tree has a minimal generating set. Geometriae Dedicata. 2016. Vol. 183, no. 1.
P. 59–67.

E-mail: � 1ylavrenyuk@gmail.com, � 2aolijnyk@gmail.com,
� 3daryna.oliynyk@gmail.com.
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Quantum Markov chains, a unification approach

1 Centro Vito Volterra, Università di Roma ”Tor Vergata”, Roma I-00133, Italy.
2 Department of Mathematics, Nouakchott University, Nouakchott, Mauritania.
3 Department of Preparatory program, College of Business Administration,
Qassim University, Buraydah51452, Saudi Arabia.
and
Preparatory Institute for Scientific and Technical Studies, Carthage University, La
Marsa, Tunisia.

In the present paper we study a unified approach for Quantum
Markov Chains (QMC). A new quantum Markov property that gen-
eralizes the old one, is discussed. We introduce Markov states and
chains on general local algebras, possessing a generic algebraic prop-
erty. We stress that this kind of algebras includes both Boson and
Fermi algebras. Our main results concern two reconstruction theorems
for quantum Markov chains and for quantum Markov states. Namely,
we illustrate the results through examples.

[1] L. Accardi, Noncommutative Markov chains, Proc. of Int. School of Math. Phys.
Camerino (1974), 268–295.

[2] L. Accardi, On the non–commutative Markov property, Funct. Anal. Appl., 9
(1975), 1–8.

[3] L. Accardi, C. Cecchini, Conditional expectations in von Neumann algebras and
a Theorem of Takesaki, J. Funct. Anal. 45 (1982), 245–273.

[4] L. Accardi, A. Frigerio, Markovian cocycles, Proc. Royal Irish Acad. 83A
(1983), 251-263.

E-mail: � 1accardi@volterra.uniroma2.it, � 2elkotobmedsalem@gmail.com,
� 3a.souaissi@qu.edu.sa, abdessattar.souissi@ipest.rnu.tn.
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T. D. Lukashova

Locally soluble groups with the restrictions on the
generalized norms

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine

In group theory one of focuses is on the findings related to the study
of groups, in which the subgroups (or the system of subgroups) with
some theoretical group property satisfy given restrictions. In some cases
the existence of one characteristic subgroup with a certain property can
be the determining factor for the structure of the group. Different Σ-
norms of a group are the subgroups of such a type.

The author continues the investigation of connections between given
Σ-norms of groups and studies the properties of locally soluble groups
in which the norm of decomposable subgroups and the norm of Abelian
non-cyclic subgroups are nonidentity and have the identity intersection.

The intersection Nd
G of normalizers of all decomposable subgroups

of a group G is called the norm of decomposable subgroups of G. Ac-
cordingly, the intersection NA

G of normalizers of all non-cyclic Abelian
subgroups of G (provided that the system of these subgroups is non-
empty) is called the norm of non-cyclic Abelian subgroups of G [1].

Theorem 1. If a locally soluble group G contains an Abelian non-cyclic
subgroup, the norms NA

G and Nd
G are nonidentity and Nd

G ∩NA
G = E,

then G is a non-periodic group.

Theorem 2. If a non-periodic locally soluble group G has an Abelian
non-cyclic subgroup, the norm NA

G is non-Dedekind, the norm Nd
G is

nonidentity and Nd
G∩NA

G = E, then the following conditions take place:
1) the norm Nd

G = 〈c〉 is a cyclic group of a prime odd order p;
2) the norm NA

G is a group of the type NA
G = A h 〈b〉, where A is

a group isomorphic to an additive group of p-adic fractions (p is
prime, (p, 2) = 1), |b| = 2 and b−1ab = a−1 for any a ∈ A;

3) every infinite cyclic subgroup has a nonidentity intersection with
the norm NA

G ;
4) a group G does not contain a free Abelian subgroups of rank 2 and

a finite non-cyclic Abelian subgroups;
5) Z (G) = E and the factor-group G/NA

G is periodic.

[1] F.N. Liman, Lukashova T.D. On the norm of decomposable subgroups in locally
finite groups Ukr. Math. J., 67 (2015), no. 4, 542–551.

E-mail: � tanya.lukashova2015@gmail.com.
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On finite 2-groups with the non-Dedekind metacyclic norm
of abelian non-cyclic subgroups

1 Taras Shevchenko National University of Kyiv, Kyiv, Ukraine.
2 Makarenko Sumy State Pedagogical University, Sumy, Ukraine.

One of productive directions in group theory is the study of influence
of some characteristic subgroups on the structure of the whole group.
Such characteristic subgroups include different Σ-norms of a group.
Recall, that the intersection of the normalizers of all subgroups of a
system Σ, provided that Σ contains all subgroups of a group with some
property is called a Σ-norm of a group G.

The authors continue the investigation of finite 2-groups with the
non-Dedekind norm of Abelian non-cyclic subgroups, initiated in [1]-
[2]. The structure of finite 2-groups with the cyclic center and the
metacyclic non-Dedekind norm NA

G of Abelian non-cyclic subgroups is
described in the following theorem.

Theorem 1. An arbitrary finite 2-group with the cyclic center and the
non-Dedekind metacyclic norm NA

G of Abelian non-cyclic subgroups is
a group of one of the following types:

1) G = 〈a〉〈b〉, |a| = 2n, n > 2, |b| = 8, b4 = a2n−1

, b−1ab = a−1,
NA
G = G;

2) G = 〈a〉 h 〈b〉, |a| = 2n, |b| = 2m, n ≥ 2,m ≥ 1, [a, b] = a2n−1

,
NA
G = G;

3) G = 〈a〉h 〈b〉, |a| = 8, |b| = 2, [a, b] = a3;NA
G =

〈
a2
〉
h 〈b〉;

4) G = (H × 〈b〉) 〈a〉 , H = 〈h1, h2〉 , |h1| = 2k > 4, h2k−1

1 = h2
2, a

2 =

h2k−2

1 , h−1
2 h1h2 = h−1

1 , |b| = 2, [a, h1] = a4, [a, h2] = b, [a, b] = a4;
NA
G = 〈a〉h 〈b〉 ;

5) G = 〈y〉 〈b〉 , |y| = 2k, k ≥ 4, |b| = 2m,m ≥ 2, Z(G) =
〈
y2m〉

,

[y, b] = y2k−ms, (s, 2) = 1; NA
G =

〈
y2k−m

〉
h 〈b〉.

[1] Lyman F., Lukashova T., Drushlyak M. On Finite 2-groups with non-Dedekind
Norm of Abelian non-Cyclic Subgroups, Mat. Studii, 26(1) (2016), 20-28.

[2] Lyman F., Lukashova T., Drushlyak M. Finite 2-groups with a non-Dedekind
non-metacyclic norm of Abelian non-cyclic subgroups, Bull. Acad. de Stiinte a
Republicii Moldova. Matematica, 2(57) (2019), 3-19.

E-mail: � 1tanya.lukashova2015@gmail.com.
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Sheffer’s criterion on Appell polynomials

Vasyl’ Stus Donetsk National University, Vinnytsia, Ukraine.

The necessary and sufficient conditions of being an Appell polyno-
mial were given in [1].

Theorem 1. Let {Pn(x)}, n=0,1,. . ., be an arbitrary Appell sequence

with the generating function etxA(t)=
∑∞

n=0
Pn(x)tn. Define the formal

power series by B(t):=
A′(t)

A(t)
=
∑∞

n=0
bnt

n. Then every Pn(x), n=0,1,. . .,

satisfies the linear differential equation of infinite order

L[Pn(x)]=(b0(x)+x)P ′n(x)+b1P
′′
n (x)+b2P

′′′
n (x)+. . .= nPn(x). (1)

Conversely, if {Pn(x)} satisfies (1), then (to within multiplicative
constants) {Pn(x)} is an Appell sequence with generating function B(t).

Theorem 2. A necessary and sufficient condition for an Appell se-
quence {Pn(x)}, with the transfer function A(t), to satisfy a finite order
equation of type (1) is that A(t) = eQ(t), where Q(t) is a polynomial;
the minimum order of all equations of type (1) satisfied by Pn(x) is
deg(Q(t)).

We specify both results in the following way.

Theorem 3. (i) An arbitrary Appell sequence {Pn(x)} has the expo-
nential transfer function A(t) = eQ(t), where deg (Q(t)) = k, if and
only if every Pn(x) satisfies the k-th order differential equation

nPn(x)= (b0(x)+x)P ′n(x)−b1P ′′n (x)−b2P ′′′n (x)−. . .−bk−1P
(k)
n (x), (2)

where not all bi are identically equal to 0.
(ii) An arbitrary Appell sequence {Pn(x)} has the transfer function

in the form of the formal power series A(t):=A0+A1t+A2t
2+. . . if and

only if every Pn(x) satisfies the k-th order differential equation (2) with

bi =
1

Ai+1
0

∣∣∣∣∣∣∣∣∣∣∣∣

(i+ 1)Ai+1 A1 A2 A3 . . . Ai
(i)Ai A0 A1 A2 . . . Ai−1

(i− 1)Ai−1 0 A0 A1 . . . Ai−2

. . . . . . . . . . . . . . . . . .
2A2 0 0 0 . . . A1

A1 0 0 0 . . . A0

∣∣∣∣∣∣∣∣∣∣∣∣
.

[1] Sheffer I. M. A differential equation for Appell polynomials. Bull. Amer. Math.
Soc., 1935, vol. 41 (12), 914–923.

E-mail: � nlunio@ukr.net.
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On locally compact groups with zero

Faculty of Mechanics and Mathematics, National University of Lviv, Lviv, Ukraine

We study algebraic properties on a group G such that if the dis-
crete group G has these properties then every locally compact shift
continuous topology on G with adjoined zero is either compact, or dis-
crete. We introduce electorally flexible and electorally stable groups
and establish their properties. In particular, we prove that every group
with an infinite cyclic subgroup of an infinite index and every uncount-
able commutative group are electorally flexible, and show that every
countable locally finite group is electorally stable. The main result of
the paper is the following: if G is a discrete electorally flexible group
then every Hausdorff locally compact shift-continuous topology on G
with adjoined zero is either compact, or discrete. Also, we construct
a non-discrete non-compact Hausdorff locally compact shift-continuous
topology on any discrete virtually cyclic group (and hence on a elec-
torally stable group) G with adjoined zero.

[1] A. H. Clifford and G. B. Preston, The Algebraic Theory of Semigroups, Vol. I.,
Amer. Math. Soc. Surveys 7, Providence, R.I., 1961; Vol. II., Amer. Math. Soc.
Surveys 7, Providence, R.I., 1967.

[2] W. Ruppert, Compact Semitopological Semigroups: An Intrinsic Theory, Lect.
Notes Math., 1079, Springer, Berlin, 1984.

[3] D. J. S. Robinson, A course in the theory of groups, Springer-Verlag, Berlin,
New York, 1996.

E-mail: � kate.maksymyk15@gmail.com.
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G. I. Malaschonok

Algorithm for LDU-factorization in domain

National University of Kyiv-Mohyla Academy, Kyiv, Ukraine.

Let R be a commutative domain, F its field of quotients. Let n = 2k,
A ∈ Rn×n be a matrix of rank r, r ≤ n.

Definition 1. An equality A = LDU is called LDU -factorization if
matrices L,U ∈ Rn×n of rank n, (L is low triangular, U is upper
triangular), matrix D of rank r has r non-zero elements equal ( det1)−1,
(det1det2)−1, .., (detr−1detr)

−1. Here detr is the r × r nonzero minor
of A, whose position is determined by r nonzero rows and columns of
the matrix D, the determinants of successively nested nondegenerate
submatrices of orders r−1, .., 2, 1 are denoted by detr−1, .. , det2, det1.

Definition 2. The matrix mapping D → D→1 induced by the homo-
morphism F ∗ → 1 is called unit mapping.

A matrix mapping in which a submatrix of the intersection of zero rows
and zero columns is replaced by a unit submatrix we denote: D → D̂.

Let Ai = LiDiUi is a LDU -factorization. We denote matrices:di =
det−1

r · D̂i, Ei = D→1
i , Ii = EiE

T
i , Ji = ETi Ei, Īi = I − Ii, J̄i = I − Ji.

LDU-factorization algorithm: (L,D,U,M, d,W,αr) = LDU(A,α)
(1) If A = 0, then D = 0, d = M = W = L = U = I, αr = α.
(2) If n = 1 then D = 1

αA , d = 1
αA2 , L = U = A,M = W = αA,αr = A.

(3) If n ≥ 2 we can get 4 equal blocks of matrix: A =

[
A11 A12

A21 A22

]
.

Let (L11, D11U11,M11, d11,W11, αk) = LDU(A11, α),
A′′12 = Ī11M11A12, A′′21 = A21W11J̄11,
(L21, D21, U21,M21, d21,W21, αl) = LDU(A′′21, αk), λ = αl

αk
∈ R,

(L12, D12, U12,M12,12 ,W12, αm) = LDU(A′′12, αk), αs = λαm,
A′22 = α2

kA22−A21W11D11M11A12, A
′′′
22 = α−1

l α−2
k λĪ21M21A

′
22W12J̄12,

(L22, D22U22,M22, d22,W22, αr) = LDU(A′′′22, αs), then

L =

[
L11L

∼
12 0

L3 L21L22

]
, D =

[
D11 D∼

12

D21 D22

]
, U =

[
U21U11 U2

0 U22U
∼
12

]
,

d = (α−1
r )D̂, M = d−1L−1, W = U−1d−1, with

U2 = α−1
k J11M11A12 + α−2

k α−1
l J21M21A

′
22,

L3 = α−1
k A21W11I11 + α−2

k α−1
l α−1

s Ī21M21A
′
22W

∼
12I12, D∼12 = λ−2D12,

Jλ12 = λJ12 + J̄12, Iλ12 = λI12 + Ī12, L∼12 = L12I
λ
12, U∼12 = Jλ12U12,

d∼12 = λ−1Iλ
−2

12 d12,M
∼
12 = λJλ12M12, W∼12 = λW12I

λ
12.

Theorem 1. The algorithm is correct and M,W ∈ Rn×n.
E-mail: � malaschonok@ukma.edu.ua.
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Asymptotic torsion and cotorsion

1 Northeastern University, Boston, MA, USA.
2 Rowan University, Glassboro, NJ, USA.

In a series of recent papers [1–3] we used stable functors on module
categories to introduce new concepts of torsion, cotorsion, and asymp-
totic stabilization of the tensor product. The latter construct has fea-
tures similar to Tate homology.

In this talk I will show how to fuse these tools together and define
asymptotic torsion and cotorsion. In the case when the ring, viewed
as a module over itself, has an injective resolution all of whose terms
are FP∞ (i.e., each term has a resolution by finitely generated pro-
jectives) we give a complete description of the right-derived functors
of asymptotic torsion. In particular, this result applies to all artin al-
gebras. The advantage of our approach is that the resulting functors
are finitely presented, which opens a way to formal computations. The
proof is based on the fact that the category of finitely presented functors
is cocomplete. (Caution: colimits are not computed componentwise!)

Our main technical tool is the defect of a finitely presented functor.
Applied to such a functor, it yields an easily computed module. When
it is itself viewed as a functor, the defect has two adjoints and thus pre-
serves limits and colimits. Similar to the non-stabilized case, we show
that the defect of the asymptotic torsion is the asymptotic cotorsion of
the ring (on the other side).

This talk does not assume familiarity with functor categories. All
key concepts will be defined and explained.

[1] A. Martsinkovsky and J. Russell. Injective stabilization of additive functors. III.
Asymptotic stabilization of the tensor product. arXiv:1701.00268v6 [math.RT]

[2] A. Martsinkovsky and J. Russell. Injective stabilization of additive functors. II.
(Co)torsion and the Auslander-Gruson-Jensen functor. J. Algebra, 548:53–95,
2020.

[3] A. Martsinkovsky and J. Russell. Injective stabilization of additive functors. I.
Preliminaries. J. Algebra 530:429-469, 2019.

E-mail: � 1a.martsinkovsky@northeastern.edu, � 2russelljj@rowan.edu.
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Prime semirings derivations

Ivan Franko National University of Lviv, Lviv, Ukraine.

Let R be a nonempty set, and let + and · be binary operations
on R. An algebraic system (R,+, ·) is called a semiring if (R,+, 0) is
a commutative monoid, (R, ·) is a semigroup and multiplication dis-
tributes over addition from either side. A semiring (R,+, ·) is said to
be commutative if · is commutative on R.

An element a ∈ R is called additively cancellable if a + b = a + c
follows b = c for all b, c ∈ R. A semiring R is called additively cancella-
tive if K+(R) = R, where K+(R) is the set of all additively cancellable
elements of R. Let V (R) be the set of all additively invertible elements
of R.

A prime ideal of R is an ideal P 6= R such that whenever IJ ⊆ P
for any ideals I and J of R then either I ⊆ P or J ⊆ P . A semiring R
is called prime if (0) is prime. A semiring R is called 2-torsion-free if
2r = 0 follows r = 0 for any r ∈ R.

A map δ : R → R is called a derivation [2] on R if δ (a+ b) =
δ (a) + δ (b) and δ (ab) = δ (a) b+ aδ (b) for any a, b ∈ R. A semiring R
equipped with a derivation δ is called differential with respect to the
derivation δ, or a δ-semiring, and denoted by (R, δ) [1].

Theorem 1. If R is a prime 2-torsion-free additively cancellative semi-
ring, δ1 : R −→ R and δ2 : R −→ R2 are semiring derivations such that
δδ2 is a derivation on R, and δ1δ2 ∈ V (R) for all r, s ∈ R, then δ1 = 0
or δ2 = 0.

Theorem 2. Let R be a prime 2-torsion-free additively cancellative
semiring, let δ : R −→ R be a semiring derivation such that [r, δ(r)] = 0
for all r ∈ R. Then R is commutative or δ = 0.

[1] Chandramouleeswaran M., Thiruveni V. On derivations of semirings, Advances
in Algebra 1 (2010), 123–131.

[2] Golan J. S. Semirings and their Applications, Kluwer Academic Publishers,
1999.

E-mail: � ivannamelnyk@yahoo.com.
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On semiscalar equivalence of polynomial matrices over a field

Ukrainian Academy of Printing, Lviv, Ukraine.

Let F be an infinite field and let Fn[x] be the set of n× n matrices
over the polynomial ring F[x].

A nonsingular matrix A(x) ∈ Fn[x] is semiscalar equivalent to the
lower triangular matrix (see [1]) Sl(x) = PA(x)Q(x) =

[
sij

]
, where

P ∈ GL(n,F), Q(x) ∈ GL(n,F[x])) and
(a) sii(x) = si(x), i = 1, 2, . . . , n, where s1(x)|s2(x)| · · · |sn(x) (di-

vides) are the invariant factors of A(x);
(b) sii(x) divides sji(x) for all i, j with 1 ≤ i < j ≤ n.

It may be noted that the matrix Sl(x) is defined not uniquely with
respect to the semiscalar equivalence for nonsingular matrix A(x). The
canonical forms with respect to semiscalar equivalence for a matrix
pencil A0x+A1 ∈ Fk[x], where A0 is nonsingular, were investigated in
[2] and [3]. The main result of this report is the following theorem.

Theorem. Let A(x) ∈ Fn[x] be a nonsingular matrix with the
Smith normal form SA(x) = diag(1, a(x), . . . , a(x)), where a(x) ∈ F[x]
is a monic polynomial of degree n. The matrix A(x) is semiscalar
equivalent to the matrix

Sl =


1 0 . . . . . . . . . 0
x a(x) 0 . . . . . . 0
x2 0 a(x) 0 . . . 0
. . . . . . . . . . . . . . . . . .
xn−1 0 . . . . . . 0 a(x)


if and only if A(x) = B(x)W (x), where W (x) ∈ GL(n,F[x]) and
B(x) ∈ Fn[x] is a regular polynomial matrix of degree (n− 1).

The matrix Sl is uniquely defined for A(x).

[1] Kazimirs’kyi P.S. Decomposition of Matrix Polynomials into factors. Naukova
Dumka, Kyiv, 1981 (in Ukrainian).

[2] Prokip V.M. On the normal form with respect to the semiscalar equivalence of
polynomial matrices over a field. J. Mathematical Sciences, 2013, V.194 (N.2),
pp.149–155.

[3] Koljada R.V., Mel’nyk O.M. On the semiscalar equivalence of polynomial ma-
trices. Computer printing technology, 2016, N.2, pp.83–88 (in Ukrainian).

E-mail: � 1melnykorest@gmail.com.
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Criterion of finite-state characteristic of transitive-stable
automorphisms of a binary rooted tree

National University of “Kyiv-Mohyla Academy”

Definition 1. Let the automorphism t have the form t = (t1, t2) or
t = (t1, t2) ◦ σ. Let us define the functions π0(t) = t1 and π1(t) = t2.

Let us recursively denote the set Wt for automorphism x ∈ AutT2.

Definition 2. The identical automorphism id belongs to Wt. Let
automorphism a belong toWt. Then the automorphism t◦π1(a) belongs
to Wt.

Definition 3. Let us call the automorphism t ∈ AutT2 weakly regular
if the set Wt is finite.

Theorem 1. Let b be a transitive-stable automorphism and automor-
phism t is a left projection of the automorphism b. The automorphism
b is finite-state if and only if t is weak regular.

Constructive description of weakly regular automorphisms is given
below.

Let us denote the operation ⊕ as modulo 2 addition.

Definition 4. Denote the function ω : AutT2 → Z2, ω(a) = . . . α2α1α0,
which is defined by the following relations: α0 = 1, . . . β2β1β0 =
a(. . . α2α1α0), αn+1 = αn ⊕ βn.

Lemma 2. The set Wa consists of automorphisms of the form

bn =

n∏
i=0

aω(a)(n)

Example 1. The automorphism t′ : x → 3x is not regular, the auto-
morphism id is weakly regular. Therefore, automorphism t = (3x, id)
is a weakly regular automorphism that is not regular.

We have an example of two transitive-stable finite-state automor-
phisms not conjugated in FAutT2: automorphism ε = (id, ε) ◦ σ and
11-state automorphism a = ((3x, id), ( 1

3x, id)◦a)◦σ given by the ratios
a = (b, e) ◦ σ, b = (c, d), e = (f, e) ◦ σ, d = (d, d), f = (d, g), c = (c, c1),
c = (c, c2) ◦ σ, c2 = (c1, c2), g = (g1, g2) ◦ σ, g1 = (g, g1), g2 = (g2, g).

E-mail: � denis.morozov178@gmail.com.
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Dimensions of self-similar groups

Texas A&M University, College Station, TX, USA

We will talk about topological and conformal dimension of contract-
ing self-similar groups and their connections to algebraic properties of
the groups such as presentations, word problem, and amenability.

E-mail: � nekrash@math.tamu.edu.
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Metric dimension of ultrametric spaces

National University of Kyiv-Mohyla Academy, Kyiv, Ukraine.

For an arbitrary finite metric space (X, d) a subset A, A ⊂ X, is
called a resolving set (see [1]) if for any two points x and y from the
space X there is an element a from subset A, such that the distances
d(a, x) and d(a, y) are different. The metric dimension md(X) of the
space X is the minimum cardinality of a resolving set.

It is well known that the problem of finding the metric dimension
of a metric space is NP-complete [2]. For this reason, it is interested to
study classes of metric spaces with polynomial-time metric dimension.

A metric space (X, d) is called ultrametric if and only if, for arbi-
trary x, y, z from the set X, the following inequality holds:

d(x, y) ≤ max(d(x, z), d(y, z)).

Theorem 1. Let (X, d) be a finite ultrametric metric space. Then there
is a polynomial-time algorithm for determining the metric dimension
of (X, d).

[1] Blumenthal L.M.: Theory and Applications of Distance Geometry. Chelsea Pub-
lishing Co., New York (1970).

[2] Garey M., Johnson D.: Computers and intractability. A guide to the theory of
NP-completeness. W. H. Freeman and Company (1979).

E-mail: � 1oliynyk@ukma.edu.ua, � 2ponomarchuk.bogdan@gmail.com.
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Honey encryption applied to Schnorr signature scheme

National University of Kyiv-Mohyla Academy, Kyiv, Ukraine

The concept of honey encryption as a general cryptographic ap-
proach to protect data was introduced in [1]. Since then a few applica-
tions and specific realizations were suggested.

We apply honey encryption to protect the secret key a ∈ Zq in
Schnorr signature scheme. Reliability of such construction could be
proved with a following:

Theorem 1. Let Schn–HE be a Honey encryption scheme applied to
Shnorr signature system. For any attacker A

AdvHE(A) ≤ 1

q − 1
(1− 2

3l
)t−2,

where q ∈ [2l−1, 2l).

[1] Ari Juels, Thomas Ristenpart. Honey Encryption: Security Beyond the Brute-
Force Bound. In: Nguyen P.Q., Oswald E. (eds) Advances in Cryptology —
EUROCRYPT 2014. Lecture Notes in Computer Science, vol 8441. Springer,
Berlin, Heidelberg

E-mail: � m.oliynyk@ukma.edu.ua.
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Commutators of some elements over divisions rings

1 Transcarpathian Institute of Postgraduate Pedagogical Education,
Uzhhorod, Ukraine
2 Transcarpathian Hungarian Institute named after Ferenc Rakoczi II,
Beregovo, Ukraine

The residual and fixed submodules of the element σ of the complete
linear group GL(n, V ) of the module V over the ring R are defined as
the image and the kernel of the element σ−1 and are denoted by R(σ)
and P (σ), respectively.

Let R be an division ring. An element τ of the group GL(n, V ) is
called transvection if R(τ) ⊆ P (τ) and dimR (τ) = 1 .

Theorem 1. Let R be a division ring, charR 6= 2, g ∈ GL (n, V ) , n ≥
2, τ be transvection such that the commutator [g, τ ] commutes with
g. Then [g, τ ] is a unipotent element whose unipotency height does
not exceed 2, which commutes with τ and R([g, τ ]) ⊆ P (τ) ∩ P (g),
R (τ) +R(g) ⊆ P ([g, τ ]).

Theorem 2. Let R be a division ring, g ∈ GL (n, V ) , n ≥ 2, g be a
unipotent element, τ be a transvection such that dim (R (τ) +R(g)) ≤ 2
and a commutator [g, τ ] commutes with τ . Then [g, τ ] commutes with
g and inclusions take place

R([g, τ ]) ⊆ P (τ) ∩ P (g), R (τ) +R(g) ⊆ P ([g, τ ]).

Theorem 3. Let R be a division ring, g ∈ GL (n, V ) , n ≥ 2, τ be
transvection such that [g, τ ] is a unipotent element. Then the commu-
tator [g, τ, τ ] = [[g, τ ] , τ ] commutes with τ and [g, τ ] and inclusions
take place

R([g, τ, τ ]) ⊆ P (τ) ∩ P ([g, τ ]), R (τ ) +R ([g, τ ]) ⊆ P [g, τ, τ ] .

[1] V.M. Petechuk, Isomorphisms of groups rich in projective transvections // Mat.
notes. — 1986. — 39 (2). — P. 186–195. (in Russian)

[2] A.J. Hahn, O.T. O’Meara, The Classical Groups and K-Theory. Berlin:
Springer, 1989. — 578 p.

[3] N.A. Vavilov and A.V. Stepanov, Linear groups over general rings. I. Generali-
ties, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Math. Inst. Steklov. (LOMI), 394
(Voprosy Teorii Predstavlenii Algebr i Grupp. 22), 295, 2011, 33–139.

E-mail: � 1vasil.petechuk@gmail.com, � 2yuliia.petechuk@gmail.com.
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Victor Petrogradsky

Nil restricted Lie algebras of oscillating intermediate growth

University of Brasilia, Brasilia, Brazil.

Different versions of Burnside Problem ask what one can say about
finitely generated periodic groups under additional assumptions. For
associative algebras, Kurosh type problems ask similar questions about
properties of finitely generated nil (more generally, algebraic) algebras.
Similarly, one considers finitely generated restricted Lie algebras with
a nil p-mapping.

Also, the question ”how algebras grow” became popular [1]. Groups
of oscillating growth were constructed in [2]. Now we study growth in
the class of nil restricted Lie algebras.

Theorem 1 ([3]). For any prime p we construct a family of 3-generated
restricted Lie algebras of intermediate oscillating growth, called Phoenix
algebras, they have properties:
� For infinitely many integers n, the algebra is ”almost dying” by

having a ”quasi-linear” growth of type n
(

ln(q)n
)κ

.
� For infinitely many integers n the algebra is ”resuscitating” by

having intermediate growth of type exp(n/(lnn)λ), where λ is a
constant.

� The growth is oscillating between these two types of functions.
� These restricted Lie algebras have a nil p-mapping.

The research is partially supported by Grant UnB DPI 04/2019.

[1] Bell J., Zelmanov E., On the growth of algebras, semigroups, and hereditary
languages. arXiv:1907.01777.

[2] Kassabov M., Pak, I., Groups of oscillating intermediate growth. Ann. Math.
(2) 177, (2013) No. 3, 1113–1145.

[3] Petrogradsky V., Nil restricted Lie algebras of oscillating intermediate growth,
arXiv:2004.05157.

E-mail: � petrogradsky@rambler.ru.
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V. M. Petrychkovych1, N. S. Dzhaliuk2

Solvability of the matrix Sylvester-type equation in the ring
of the block triangular matrices

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of the
NAS of Ukraine, L’viv, Ukraine.

Let R be an adequate ring. We will denote by M(n,R) the ring
of n × n matrices over R and by BT (n1, . . . , nk, R) its subring of

the block upper triangular matrices T = triang(T11, . . . , Tkk) = [Tij ]
k
1 ,

where Tij = 0 if i > j, Tii ∈ M(ni, R), i = 1, . . . , k. The block
matrices arise in various branches of mathematics, such as the theory
of stability [1]. We described up to the association the factorizations
of the matrices in the ring BT (n1, . . . , nk, R) [2]. The description
of the factorization of the block triangular matrices is reduced to the
factorization of their diagonal blocks and the solving of the matrix
Sylvester-type equations

AX + Y B = C. (1)

Roth’s theorem, which establishes a connection between the solvability
of the equation (1) and the equivalence of the block triangular and the
block diagonal matrices, is well known [3].

If the matrix equation (1) is solvable in the ring M(n,R), it may
or may not be solvable in its subring BT (n1, . . . , nk, R). We establish
conditions for existence of the solutions of the matrix equation (1) in
the ring BT (n1, . . . , nk, R) and propose the way of their construction.

Theorem 1. Let in the matrix equation (1) the matrix-coefficients A,B

and C ∈ BT (n1, . . . , nk, R). If matrices

[
Aii Cii
0 Bii

]
and

[
Aii 0
0 Bii

]
are equivalent for all i = 1, . . . , k and if (detAii,detBi+j,i+j) = 1 for
all i = 1, . . . , k − 1, j = 1, . . . , k − i, then the matrix equation (1) is
solvable and it has the solution X, Y ∈ BT (n1, . . . , nk, R).

[1] Martins F., Pereira E. Block matrices and stability theory. Tatra Mt. Math.
Publ., 2007, 38, 147–162.

[2] Petrychkovych V., Dzhaliuk N. Factorizations in the rings of the block matrices.
Bul. Acad. Stiinte Repub. Mold. Mat., 2017, 85 (3), 23–33.

[3] Roth W.E. The equations AX−Y B = C and AX−XB = C in matrices. Proc.
Amer. Math. Soc., 1952, 3, 392–396.

E-mail: � 1vas petrych@yahoo.com, � 2nataliya.dzhalyuk@gmail.com.
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Yevhen Pirus

On ternary top-quasigroups whose group of parastrophic
symmetries is D8

Donetsk Regional Center for Educational Quality Assessment, Sloviansk, Ukraine.

An algebra (Q; f, f1, f2, f3) is a ternary quasigroup and the opera-
tion f is invertible, if

f(f1(x, y, z), y, z) = x, f(x, f2(x, y, z), z) = y, f(x, y, f3(x, y, z)) = z,

f1(f(x, y, z), y, z) = x, f2(x, f(x, y, z), z) = y, f3(x, y, f(x, y, z)) = z.

A triplet (f1, f2, f3) of functions is called orthogonal, if the system f1(x, y, z) = a,
f2(x, y, z) = b,
f1(x, y, z) = c,

has a unique solution for all a, b, c. A σ-parastrophe of f is defined by

σf(x1σ, x2σ, x3σ) = x4σ ⇔ f(x1, x2, x3) = x4, σ ∈ S4.

The set {σ | σf = f} is called the group of parastrophic symmetries of
the quasigroup (Q; f, f1, f2, f3). A quasigroup (Q; f, f1, f2, f3) is called:
� a group isotope, if there is a group (G; ·) and bijections α, β, γ, δ

such that
f(x, y, z) = δ(α(x) · β(y) · γ(z)).

� a top-quasigroup, if each triplet of its different parastrophes are
orthogonal.

Theorem 1. A ternary group isotope (Q; f, f1, f2, f3), whose group of
parastrophic symmetries is D8, is a top-quasigroup if and only if there
exists an abelian group (Q,+), its involutive automorphism θ and an
element a ∈ Q such that θ + ι is an automorphism of (Q,+) and

f(x1, x2, x3) = θx1 + θx2 − x3 + a.

[1] Fedir Sokhatsky, Yevhen Pirus Classification of ternary quasigroups according
to their parastrophic symmetry groups, I. Bulletin of Donetsk National Univer-
sity. Series A: Natural Sciences. 2018. no. 1-2, 70–82.

E-mail: � pirus@ukr.net.
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Andriana I. Plakosh

Cohomologies of Kleinian 4-group

Institute of Mathematics of National Academy of Sciences of Ukraine,
Kyiv, Ukraine.

It is a joined work with Yuriy Drozd published in [1].

We calculate cohomologies of lattices over the Kleinian 4-group G =
〈a, b | a2 = b2 = 1, ab = ba〉. The result depends on the position of the
lattice in the Auslander–Reiten quiver described in [2].

All lattices from the preprojective-preinjective component are of
the form Mk = τkM , where τ is the Auslander–Reiten translate and
M ∈ {A,Luv |u, v ∈ {+,−}}. Here A is the minimal overring of ZG
and Luv = Z, where a acts as u1 and b acts as v1.

The lattices T fk in homogeneous tubes are parametrized by unital
irreducible polynomial f /∈ {x, x− 1} over F2 and an integer k. There
are also 3 special tubes with the lattices T jik , where j ∈ {2, 3, 4}, i ∈
{1, 2}, k ∈ N (see [1; 2]).

Theorem 1.

Ĥn(G,Ak) =

{
(n− k + 1)F2 if n ≥ k,

(k − n)F2 if n < k;

Ĥn(G,Lk
++) =


(|n− k|/2 + 1)F2 if n− k 6= 0 is even,

(|n− k|/2)F2 if n− k is odd,

Z/4Z if n = k

and if (u, v) 6= (+,+), then

Ĥn(G,Lk
uv) = [(|n− k|+ 1)/2F2;

Ĥn(G,T f
k ) = kdF2, where d = deg f,

and for every j ∈ {2, 3, 4}

Ĥn(G,T ji
2k) = k F2 for both i = 1, 2,

Ĥn(G,T j1
2k−1) =

{
k F2 if |n| is even,

(k − 1)F2 if |n| is odd;

Ĥn(G,T j2
2k−1) =

{
k F2 if |n| is odd,

(k − 1)F2 if |n| is even.

[1] Yu. Drozd, A. Plakosh. Cohomologies of Kleinian 4-group. Arch. Math.
doi.org/10.1007/S00013-020-01451-6.

[2] A. Plakosh, On weak equivalence of representations of Kleinian 4-group. Algebra
Discrete Math. 25, No. 1 (2018), 130–136.

E-mail: � andrianaplakoshmail@gmail.com.
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R. B. Popovych

Sharpening of lower bound on elements order in finite field
extensions generated by a root of unity

Lviv Polytechnic National University, Lviv, Ukraine.

Finite field extensions based on cyclotomic polynomials (generated
by a root of unity) [1; 4] are constructed as follows. Let r ≥ 3 be a
prime number coprime with q (a power of prime number p) and the mul-
tiplicative order of q modulo r equals r − 1. Set Fq(θ) = Fq[x]/Φr(x),
where Φr(x) = xr−1 +xr−2 + ...+ 1 is the cyclotomic polynomial and θ
is the coset of x modulo Φr(x). Clearly θr = 1. The element θ+ θ−1 is
called a Gauss period of type ((r-1)/2,2). A partition of an integer C is

a sequence of non-negative integers u1, ..., uC such that
∑C
j=1 juj = C.

U(C, d) is the number of such partitions of C, for which u1, ..., uC ≤ d.
The problem of finding lower bounds on the order of Gauss period

and some similar elements in the extensions was in particular considered
in [1; 5; 6]. It was proved [5] that θ + θ−1 has the order at least
U(r − 2, p− 1). Theorem 1 below sharpens the previous lower bound.

Theorem 1. Element θ+ θ−1 has the multiplicative order at least the
number of solutions of the linear Diophantine inequality

u0 +

r−2∑
j=1

juj ≤ r − 2

with conditions 0 ≤ u0 and 0 ≤ u1, ..., ur−2 ≤ p− 1.

Using known estimates from [2; 3] in the case r ≥ p2 +2, we obtain

U(r − 2, p− 1) >

(
p(p− 1)

160(r − 2)

)√p
exp

(
π

√
2

3

(
1− 1

p

)
(r − 2)

)
.

[1] O. Ahmadi, I. E. Shparlinski and J. F. Voloch, Multiplicative order of Gauss
periods, Intern. J. Number Theory 6 (2010), no. 4, 877–882.

[2] G. E. Andrews, The Theory of Partitions, Addison-Wesley, 1976.
[3] A. Maroti, On elementary lower bounds for the partition function, Integers 3

(2003), A10.
[4] G. L. Mullen and D. Panario, Handbook of Finite Fields, CRC Press, 2013.
[5] R. Popovych, Elements of high order in finite fields of the form Fq [x]/Φr(x),

Finite Fields Appl. 18 (2012), no. 4, 700–710.
[6] R. Popovych, On multiplicative order of elements in finite fields based on cy-

clotomic polynomials, Notes Number Theory Discr. Math. 26 (2020), no. 2.
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V. A. Prokhorchuk

Amalgamated free products of finite cyclic groups and finite
automata

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine.

Since countable free groups are linear they can be generated by fi-
nite initial automata over finite alphabet (see [1]). Amalgamated free
products of finite groups are virtually free (see the proof of Theorem 2
in [2]). Hence amalgamated free products of finite groups can be gen-
erated by finite initial automata over finite alphabet. However, only
few explicit constructions of such automata are known.

Fix some r ≥ 2. Let l1, . . . , lr, k be positive integers, such that
k|l1, . . . , k|lr and 1 ≤ k < l1 ≤ . . . ≤ lr. Then for some positive
integers m1, . . . ,mr we have kmi = li, 1 ≤ i ≤ r.

The free product of cyclic groups of orders l1, . . . , lr amalgamated
on the cyclic group of order k is well-defined. Denote this group by
G(l1, . . . , lr, k). The group G(l1, . . . , lr, k) has the following presenta-
tion in terms of generators and defining relations:

G(l1, . . . , lr, k) = 〈a1, a2, . . . , ar | al11 = e, . . . , alrr = e, ami
i = a

mj

j , i 6= j〉.

Let L = l1 . . . lr and X be an alphabet of cardinality L. We have
the following result.

Theorem 1. The group G(l1, . . . , lr, k) is generated by initial automata
with 4 inner states over alphabet X.

[1] Brunner A. M., Sidki. N. Said. (1998). The generation of GL(n,Z) by fi-
nite state automata. Internat. J. Algebra Comput. 8(1): 127–139. DOI:
10.1142/S0218196798000077

[2] Baumslag, G. (1963). On the residual finiteness of generalised free prod-
ucts of nilpotent groups. Trans. Amer. Math. Soc. 106(2): 193–209. DOI:
10.1090/S0002-9947-1963-0144949-8

E-mail: � proveronika145@gmail.com.

67



V. M. Prokip

On similarity of families of 2× 2 matrices over a field

IAPMM of National Academy of Sciences of Ukraine, L’viv, Ukraine.

Let F be an infinite field. We refer to [l] for the definition of the
complexity of similarity of matrices over a field. Two families of 2× 2
matrices A = {A1, A2, . . . , Ar} and B = {B1, B2, . . . , Br} over the
field F are said to be similar if there exists a matrix T ∈ GL(2,F) such
that Ai = TBiT

−1 for all i = 1, 2, . . . , r.
The families A and B we associate with monic matrix polynomials
A(λ) = I2λ

r +
∑r
i=1Aiλ

r−i and B(λ) = I2λ
r +

∑r
i=1Biλ

r−i

over F of degree r respectively, where I2 is the identity 2 × 2 matrix.
Thus, the families A and B are similar over the field F if and only if
the monic matrix polynomials A(λ) and B(λ) are similar over F. The
purpose of this report is to give a criterion of similarity of two families
of 2× 2 matrices over the field F.

It is clear, if matrices A(λ) and B(λ) are similar over F, then their
Smith normal forms are the same. Let the monic matrix polynomials
A(λ) and B(λ) be equivalent and S(λ) = diag(s1(λ), s2(λ)) be their
Smith normal form. For A(λ) and B(λ) there exist matrices P1, P2 ∈
GL(2,F) and Q1(λ), Q2(λ) ∈ GL(2,F[λ]) such that

P1A(λ)Q1(λ) = s1(λ)

[
1 0

a(λ) s(λ)

]
and

P2B(λ)Q2(λ) = s1(λ)

[
1 0
b(λ) s(λ)

]
,

where s(λ) = s2(λ)
s1(λ) and {deg a(λ),deg b(λ)} < deg s(λ) (see [2]). Put

a(λ)b(λ) = s(λ)q(λ) + c(λ), where deg c(λ) < deg s(λ). On the basis of
the above considerations we obtain the following theorem.

Theorem. The families of 2×2 matrices A and B are similar over
F if and only if there exist linearly independent vectors X1 =

[
x1 x2

]
and X2 =

[
x3 x4

]
over F such that X1

[
a(λ)
c(λ)

]
+X2

[
1
b(λ)

]
= 0.

[1] Drozd Yu.A. Tame and wild matrix problems. Lecture Notes in Math., 1980,
832, P. 242–258.

[2] Kazimirs’kyi P.S. Decomposition of Matrix Polynomials into factors. Naukova
Dumka, Kyiv, 1981 (in Ukrainian).

E-mail: � v.prokip@gmail.com.
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A. Pulemotov

The prescribed Ricci curvature problem on homogeneous
spaces

The University of Queensland, Brisbane, Australia.

We will discuss the problem of recovering the “shape” of a Rie-
mannian manifold M from its Ricci curvature. After reviewing the
relevant background and the history of the subject, we will focus on
the case where M has a large symmetry group. Based on joint work
with Mark Gould (The University of Queensland) and Wolfgang Ziller
(The University of Pennsylvania).

E-mail: � a.pulemotov@uq.edu.au.
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D-center and D-derived subalgebra of Leibniz algebras

Oles Honchar Dnipro National University, Dnipro, Ukraine.

Let L be a left Leibniz algebra over a field F and D be a subalgebra
of algebra of derivations Der(L). Put AnnL(D) =

⋂
α∈D Ker(α) and

[L,D] =
∑
α∈D Im(α).

Let a ∈ L. Define the mapping la : L → L by la(x) = [a, x]. Note
that la is a derivation of L and the set Adl(L) = {la| a ∈ L} is an ideal
of Der(L). If Adl(L) 6 D, then AnnL(D) 6 AnnL(Adl(L)) = ζr(L).
Thus

AnnL(D) ∩ ζl(L) 6 AnnL(Adl(L)) ∩ ζl(L) = ζr(L) ∩ ζl(L) = ζ(L).

In particular, AnnL(D) ∩ ζl(L) is an ideal of L.
We will say that AL(D) = AnnL(D) ∩ ζl(L) is the D-center of L.

Note that AL(D) 6 ζ(L) and if D = Adl(L) then AL(D) = ζ(L). We
will say that [L,D] is the D-derived subalgebra of L. If D = Adl(L)
then [L,D] = [L,L]. The main result is the following

Theorem. Let L be a Leibniz algebra over a field F , D be a subal-
gebra of algebra of derivations Der(L) such that Adl(L) 6 D. Suppose
that dimF (D/Adl(L)) = k is finite. If dimF (L/AL(D)) = t is finite,
then dimF ([L,D]) 6 t(k + t).

Corollary 1 [1]. Let L be a Leibniz algebra over a field F . If
L/ζ(L) has finite dimension t, then dimF ([L,L]) 6 t2.

Corollary 2 [3]. Let L be a Lie algebra over a field F . If L/ζ(L)
has finite dimension t, then dimF ([L,L]) 6 t(t+ 1)/2.

Corollary 3. Let L be a Leibniz algebra over a field F . Suppose
that L/AL(Der(L)) has finite dimension t. Then dimF ([L,Der(L)]) 6
t(t+ 1).

Corollary 4 [2]. Let L be a Lie algebra over a field F . Suppose
that L/AL(Der(L)) has finite dimension t. Then dimF ([L,Der(L)]) 6
t(t+ 1)/2.

[1] L. A. Kurdachenko, J. Otal, A. A. Pypka: “Relationships between the factors
of the canonical central series of Leibniz algebras”, Eur. J. Math. 2 (2016),
565–577.

[2] E. Stitzinger, R. Turner: “Concerning derivations of Lie algebra”, Linear Mul-
tilinear Algebra 45 (1999), 329–331.

[3] M. R. Vaughan-Lee: “Metabelian BFC p-groups”, J. London Math. Soc. 5
(1972), 673–680.

E-mail: � pypka@ua.fm.
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Properties of the invariant factors of the sum of matrices

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics NAS
of Ukraine, Lviv, Ukraine.

The invariant factors are played an important role in the study of
matrices problem [1; 3]. There are many papers that rather deeply
describe the structure and properties of invariant factors in the matrix
C = AB. However, there is little information about the invariant
factors of the matrix C = A+B. Therefore, the study of the properties
of invariant factors the matrices and their sums are relevant. Describes
the divisibility of the invariant factors of the nonsingular matrices A,B
and C = A+B over of the principal ideal domains can be found in [4].
In this paper, those results are extended over wider classes of rings.

Let R be a commutative elementary divisor domain with 1 6= 0 [2],
Mn(R) be a ring n×n matrices over R. Consider a nonsingular matrix
A ∈Mn(R). Since R is an elementary divisor domain there

A ∼ E = diag(ε1, ε2, . . . , εn), εi|εi+1, i = 1, . . . ,n− 1.

The matrix E is called the Smith normal form or canonical diagonal
form of matrix A, εi are invariant factors of matrix A.

The notation a|b means that the element a divides the element b.

Theorem 1. Let R be a commutative elementary divisor domain with
1 6= 0. Let A ∼ E = diag(ε1, . . . , εn), εi|εi+1, i = 1, . . . , n − 1, B ∼
∆ = diag(δ1, . . . , δn), δi|δi+1, i = 1, . . . , n − 1, C = A + B ∼ Γ =
diag(γ1, . . . , γn), γi|γi+1, i = 1, . . . , n− 1. And let

F = diag(ε1, . . . , εn, δ1, . . . , δn) ∼ Ω = diag(ω1, . . . , ω2n),

ωi|ωi+1, i = 1, . . . , 2n− 1. Then ωi|γi, i = 1, . . . , n.

[1] Bovdi V.A., Shchedryk V.P. Commutative Bezout domains of stable range
1.5. Linear Algebra and Appl. 2019, 568, 127–134.

[2] Kaplansky I. Elementary divisors and modules. Trans. Amer. Math. Soc.
1966, 166, 464–491.

[3] Romaniv A.M., Dzhaliuk N.S. Some relationships between the invariant fac-
tors of matrix and its submatrix over elementary divisor domains. Appl.
Probl. Mech. and Math. 2019, 17, 38–41.

[4] Thompson R.C. The Smith invariants of a matrix sum. Proc. Amer. Math.
Soc. 1980, 78, 162–164.
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The lamplighter group of rank two generated by a
bireversible automaton

University of South Florida, Tampa, FL, USA

The examples of bireversible automata that generate non-virtually
free groups were first constructed quite recently in works of Bondarenko,
D’Angeli, Rodaro, and Skipper, Steinberg. In this talk I will describe
an explicit construction of a 4-state 2-letter bireversible automaton
generating the lamplighter group Z2 oZ of rank two. The action of the
generators on the boundary of the tree can be induced by the affine
transformations on the ring Z2[[t]] of formal power series over Z2. This
is a joint work with Elsayed Ahmed.

E-mail: � savchuk@usf.edu.
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On Leibniz algebras with a dense family of ideals

University of State Fiscal Service of Ukraine, Irpin, Ukraine.

Let L be a Leibniz algebra over a field F and S be some family of
subalgebras of L. We say that a family S is dense in L, if for every pair
of subalgebras A, B of L such that A 6 B and A is not maximal in B
there exists a subspace S ∈ S such that A 6 S 6 B (of course, S can be
coincides with A or B). The origins of this concept are in group theory.
There is a whole array of articles devoted to the study of groups, having
different natural families of subgroups. This topic is not limited to the
framework of the classical theory of groups. For example, in [1] the
infinite dimensional linear groups having a dense family of subgroups
of finite central dimension were considered. A Leibniz algebra which
is not a Lie algebra has one specific ideal. Denote by Leib(L) the
subspace generated by the elements [a, a], a ∈ L. It is possible to prove
that Leib(L) is an ideal of L. Moreover, L/Leib(L) is a Lie algebra.
Conversely, if H is an ideal of L such that L/H is a Lie algebra, then
Leib(L) 6 H. The ideal Leib(L) is called the Leibniz kernel of L.

A Leibniz algebra L is abelian, if [x, y] = 0 for each x, y ∈ L.
Theorem 1. Let L be a Leibniz algebra, having a dense family of

ideals. If L includes an abelian subalgebra A, having dimension at least
4, then every subalgebra of L is an ideal of L.

Theorem 2. Let L be a Leibniz algebra, having a dense family
of ideals. Suppose that L/Leib(L) includes an abelian subalgebra of
dimension 4. Then either every subalgebra of L is an ideal or L satisfies
the following conditions: (a) dimF (Leib(L)) 6 3; (b) L is nilpotent;
(c) L/Leib(L) is abelian; (d) L includes an ideal E such that Leib(L) 6
ζ(E) and [v, v] 6= 0 for every v ∈ E such that v 6∈ Leib(L); (e) if
dimF (Leib(L)) = 3, then dimF (L/E) 6 3; (f) if dimF (Leib(L)) = 2,
then dimF (L/E) 6 6; (g) if dimF (Leib(L)) = 1, then dimF (L/E) 6 8.

In particular, if dimF (Leib(L)) = 1, then every subalgebra of E is
an ideal of L.

[1] N. N. Semko, L. V. Skaskiv, O. A. Yarovaya: “Linear groups saturated by
subgroups of finite central dimension”, Algebra Discrete Math. 29(1) (2020),
117–128.

E-mail: � 1dr.mykola.semko@gmail.com, � 2lila yonyk@ua.fm,
� 3yarovaoa@ukr.net.
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Canonical form of a reduced matrix with one zero
sub-diagonal element

Pidstryhach Institute for Applied Problems of Mechanics and Mathematics
of NAS of Ukraine, Lviv, Ukraine.

Let a matrix A(x) =

∥∥∥∥∥∥
1 0 0

a1(x) xk1 0
a3(x) a2(x) xk2

∥∥∥∥∥∥ have the following prop-

erties: (i) deg a1 < k1, deg a2, deg a3 < k2, a2(x) = xk1a
′

2(x), a1(0) =
a
′

2(0) = a3(0) = 0;
(ii) codeg a3 6= codeg a1, codeg a

′

2, if codeg a3 < codeg a2;
(iii) codeg a3 6= 2codeg a1 + codeg a

′

2 and in a1(x) the monomial of
the degree 2codeg a1 is absent, if codeg a3 ≥ codeg a2.

The purpose of this report is to construct the canonical form of the
matrix A(x) in the class {PA(x)Q(x)}, where P ∈ GL(3,C), Q(x) ∈
GL(3,C[x]) (notation: A(x) ≈ PA(x)Q(x)). If both elements a1(x), a2(x)
of the matrix A(x) are non-zero, then we may take their junior coeffi-
cients to be identity elements. In the opposite case, we may take the
junior coefficients of the non-zero subdiagonal elements of the matrix
A(x) to be one. Such matrix A(x) in [1] is called the reduced matrix.
In this report we consider the case, when some one of the elements
a1(x), a2(x), a3(x) of the matrix A(x) are equal to zero.

Theorem. Let the elements of the reduced matrix A(x) satisfy con-
ditions: a3(x) ≡ 0, a1(x), a2(x) 6= 0, a2(x) = xk1a

′

2(x), and q1 :=
codeg a1, q2 := codeg a

′

2. Then A(x) ≈ B(x) , where the elements of
the reduced matrix

B(x) =

∥∥∥∥∥∥
1 0 0

b1(x) xk1 0
b3(x) b2(x) xk2

∥∥∥∥∥∥
satisfy conditions: b3(x) ≡ 0, b1(x), b2(x) 6= 0, b2(x) = xk1b

′

2(x)
and in b2(x) there are no (2q2 +k1)− and (2q2 +q1 +k1)− monomials.
The matrix B(x) is uniquely determined.

We have also considered other cases where a1(x) ≡ 0, a2(x), a3(x) 6=
0, or a2(x) ≡ 0, a1(x), a3(x) 6= 0,

[1] Shavarovskii, B. Z. “Reduced Triangular Form of Polynomial 3-by-3 Matrices
with One Characteristic Root and Its Invariants”, J. Math., vol. 2018, Article
ID 3127984, 6 pages, 2018.

E-mail: � bshavarovskii@gmail.com.
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Quasigroup varieties with inverse properties

Vasyl Stus Donetsk National University, Vinnytsia, Ukraine.

Left, right and middle translations La, Ra, Ma of a quasigroup (Q; ·)
are defined by La(x) := a ·x, Ra(x) := x · a, Ma(x) := x

r· a. Therefore,
there are six sets of bijections in each quasigroup:

{Lx | x ∈ Q}, {Rx | x ∈ Q}, {Mx | x ∈ Q},
{L−1

x | x ∈ Q}, {R−1
x | x ∈ Q}, {M−1

x | x ∈ Q}.
(1)

A quasigroup is known to have an inverse property (a singly inverse
property) if (exactly) two different sets from (1) coincide. A class of
quasigroups is considered to have a singly inverse property if all its
quasigroups have an inverse property, in addition one of them has a
singly inverse property. The well-known quasigroup classes of IP , LIP ,
RIP , MIP , CIP quasigroups are among them. A variety of Moufang
loops is a subvariety of the class of IP quasigroups. The respective
classes of quasigroups are studied in [1], [2], [3].

Theorem. There are nine quasigroup varieties with a singly inverse
property and they are described by one of the following identities:

yx = z · (xy `· z), (z
`· xz) · xy = y, yx · (zx r· z) = y,

xy · (xz r· z) = y, yx · y = zx · z, y · xy = z · xz,

(zx
`· z) · y = yx, y · yx = z · zx, xy · y = xz · z.

[1] F.M. Sokhatsky, A.V. Lutsenko, The bunch of varieties of inverse property
quasigroups. Bulletin of Donetsk National University. Series A: Natural Sci-
ences. 2018. Vol.1-2. P. 56–69.

[2] F. Sokhatsky, A. Lutsenko, A classification of quasigroups ac-
cording to the sets of translations. In: Abstracts of the young
disciplines ”Pidstryhach reading - 2020” Lviv 26-28 May, 2020.
http://iapmm.lviv.ua/chyt2020/abstracts/Lutsenko.pdf

[3] F. Sokhatsky, A. Lutsenko, Classification of quasigroups according to directions
of translations I, II, Comment. Math. Univ. (to be appear) Carolin.

E-mail: � 1fmsokha@ukr.net, � 2lucenko.alla32@gmail.com.
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Secret sharing schemes

National University of “Kyiv-Mohyla Academy”, Kyiv, Ukraine.

Secret sharing is an alternative for secure data outsourcing. It gives
an ability to distribute and share secret among the group of scheme
users. Secret is possible to reconstruct only if threshold number of users
are involved restoration process, while every part of a secret doesn’t
have any ability to reconstruct secret itself [1].

Research and analysis of working principles and main components of
the basic schemes is shortly reviewed. A new approach of secret sharing
scheme realization, using the Adi Shamir scheme and RSA encryption
is presented. The Adi Shamir scheme has become popular since it’s
a basic secret sharing scheme, based on polynomial interpolation [2].
In the talk proposed new algorithm called Shamir scheme with com-
plication, due to which the secret sharing scheme information security
raises, because even if a malefactor collects threshold number of parts
of a secret, the reconstruction process will be impossible without parts
decryption.

[1] Sreekumar A., Binu V.P. Simple and Efficient Secret Sharing Schemes for Shar-
ing Data and Image Macromolecules — Feb 26, 2015.

[2] Shamir, Adi. How to share a secret. — Comm. ACM, 1979, 22, no. 11 — P. 612–
613.

E-mail: � stas.stepaniuk@gmail.com.
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Metabelian Lie algebras of derivations of rank two

1 National Transport University, Kyiv, Ukraine.
2,3 Taras Shevchenko National University of Kyiv, Kyiv, Ukraine.

Let K be an algebraically closed field of characteristic zero and
R = K(x, y) the field of rational functions. Recall that a K-linear
mapping D : R→ R is called a K-derivation if D(fg) = D(f)g+fD(g)

for all f, g ∈ R. We denote by W̃2(K) the Lie algebra of allK-derivations
on R, this algebra is considered over the field K, it is a two-dimensional
vector space over R (but not a Lie algebra over R). The structure of

finite dimensional subalgebras of the Lie algebra W̃2(K) was studied by
many authors, see for example, [1].

Using some results of the paper [2] we give a characterization of
maximal (by inclusion) metabelian infinite dimensional subalgebras of

W̃2(K) of rank 2 over the field R.

Theorem. Let L be a metabelian infinite dimensional over K subal-
gebra of rank 2 over R of the Lie algebra W̃2(K). If L is maximal (by
inclusion) with such properties, then L = IhKD2, where I is an abelian
ideal of L of the form I = K(ϕ)D1 with a rational function ϕ ∈ KerD1,
[D2, D1] = ψD1 for some ψ ∈ KerD1 .

[1] A. González-López, N. Kamran and P.J. Olver, Lie algebras of differential op-
erators in two complex variavles, Amer. J. Math., 114 (1992), 1163-1185.

[2] Makedonskyi, Ie. O., Petravchuk, A. P.: On nilpotent and solvable Lie algebras
of derivations. Journal of Algebra 401, 245-257 (2014).

E-mail: � 1sysakkya@gmail.com, � 2smsidorov95@gmail.com,
� 3ihorklim93@gmail.com.
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On generalized ternary quasigroup functional equations of
the type (5; 3; 0; 0)

Khmelnytsky National University, Khmelnytsky, Ukraine.

Let Q be a set. A mapping g : Q3 → Q is called a ternary invertible
function, if there exist functions g1, g2, g3 such that the identities

g(g1(x, y, z), y, z) = x, g(x, g2(x, y, z), z) = y, g(x, y, g3(x, y, z)) = z,

g1(g(x, y, z), y, z) = x, g2(x, g(x, y, z), z) = y, g3(x, y, g(x, y, z)) = z.

hold. A generalized ternary quasigroup functional equation of the type
(5; 3; 0; 0) means that all functional variables are pairwise different and
take on their values in the set of all ternary invertible functions defined
on a set Q and it has two individual variables with 5 and 3 appearances.
Two equations are said to be parastrophically-primarily equivalent [1],
if one can be got from the other by applying the equalities given above.

Theorem 1. These equations are parastrophically-primarily equivalent
to

F1(F2(y, y, y), x, x) = F3(x, x, x), (1)

F1(F2(x, x, x), x, y) = F3(x, y, y), (2)

F1(F2(x, x, x), y, y) = F3(x, x, y), (3)

F1(F2(x, y, y), x, x) = F3(x, x, y), (4)

F1(F2(x, x, y), x, y) = F3(x, x, y). (5)

Let (Q; +, 0) be a commutative group, αi, βi, γi are its automor-
phisms, ai ∈ Q and fi(x, y, z) := αix+ βiy + γiz + ai, i = 1, 2, 3.

Theorem 2. The triplet (f1, f2, f3) is a solution of (1)–(5) iff

(1) : a3 = a1 + α1a2, γ2 = −α2 − β2, γ3 = β1 + γ1 − α3 − β3;

(2) : a3 = α1a2 + a1, β3 = γ1 − γ3, α3 = α1(α2 + β2 + γ2) + β1;

(3) : a3 = α1a2 + a1, γ3 = β1 + γ1, β3 = α1(α2 + β2 + γ2)− γ3;

(4) : a3 = α1a2 + a1, γ3 = α1β2 + α1γ2, β3 = α1α2 + β1 + γ1 − α3;

(5) : a3 = α1a2 + a1, γ3 = α1γ2 + γ1, β3 = α1α2 + α1β2 + β1 − α3.

[1] Sokhatsky F.M. Parastrophic symmetry in quasigroup theory // Bulletin of
Donetsk National University. Series A: Natural Sciences. — N. 1–2. — 2016. —
P. 70–83.

E-mail: � allatarasevych@gmail.com.
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Irreducibility of some 8× 8-matrices over local ring of finite
length
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2 Uzhhorod National University, Uzhgorod, Ukraine.

We consider a monomial n× n-matrices of the form

M(t, k, n) =

(
0 ... 0 1
1 ... 0 0...

. . .
...

...
0 ... 1 0

)
· diag[

k︷ ︸︸ ︷
1, . . . , 1, t, . . . , t],

where k is an integer smaller than n over the commutative local ring
with Jacobson’s radical which is the principle ideal generated by the
element t. It is known [1] that for k which is not coprime to n all
n×n-matrices are reducible. If the radical is nonzero see [2; 3], then all
considered n× n-matrices with k = 1 or k = n− 1 are irreducible and
all considered matrices of size less than 7 are irreducible if and only if
k is coprime with n. If the degree of nilpotency of radical is 2, then the
matrices M(t, 3, 7), M(t, 4, 7) are reducible [1; 3].

If the radical is not nilpotent, or the degree of nilpotency of the
radical is higher than 2, then all considered n × n-matrices for n < 8
are irreducible if and only if k is coprime with n [4]. It is known that
M(t, 1, 8), M(t, 7, 8) are irreducible and M(t, 2, 8), M(t, 4, 8), M(t, 6, 8)
are reducible. We shown the irreducibility of the matrix M(t, 3, 8) and
M(t, 5, 8).

These studies were carried out together with V. M. Bondarenko.

[1] Bondarenko V. M., Bortos M. Yu., Dinis R. F. & Tylyshchak A. A. (2013)
Reducibility and Irreducibility of Monomial Matrices over Commutative Rings.
Algebra Discrete Math., 16, no. 2. 171–187.

[2] Gudivok P. M. & Tylyshchak A. A. (1998) On irreducible modular represen-
tations of finite p-groups over commutative local rings. Scientific Bulletin of
Uzhhorod University, ser. of mathematic, 3, 78–83. [in Ukrainian]

[3] Dynys R. F. & Tylyshchak A. A. (2012) On reducibility of matrices of some
type over commutative local principle ideal rings. Scientific Bulletin of Uzhhorod
University, ser. of mathematic and informatic, 1 (23), 57–62. [in Ukrainian]

[4] Tylyshchak A. A. (2018) On irreducibility of monomial matrices of some type
over commutative local principle ideal rings Bulletin of Kyiv National Univer-
sity, ser. phis-math sciences, 3. 37–44. [in Ukrainian]

E-mail: � 1ruslanadinis@ukr.net, � 2alxtlk@gmail.com.
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Weighted Fourier algebras and complexification

Chalmers University of Technology and University of Gothenburg, Sweden.

Fourier algebra A(G) of a locally compact group G, introduced by
Eymard, is one of the favourite objects in abstract harmonic analysis.
It has an advantage to be commutative that allows one to examine its
Gelfand spectrum, which is known to be topologically isomorphic to
G; the fact makes a non-trivial connection between Banach algebras
and groups. We will discuss a weighted variant of Fourier algebra and
show its connection with complexification of the underlying group. For
compact groups this was done thanks to abstract complexification due
to McKennon [Crelle, 79’] and Cartwright/McMullen [Crelle, 82’]. We
extended this theory to general locally compact groups and use the
model to describe the Gelfand spectrum of weighted Fourier algebras,
showing that the latter is a part of the complexification for a wide class
of locally compact groups and weights. I shall also present different
examples of weights and determine the spectrum of the corresponding
algebras.

This talk is based on joint work with Olof Giselsson, Mahya Ghan-
dehari, Hun Hee Lee, Jean Ludwig and Nico Spronk.

E-mail: � turowska@chalmers.se.
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On primitive modules over group algebras of linear groups

Dnipro National University, Dnipro, Ukraine.

Let G be a group, k be a field and M be a kG-module. The module
M is said to be primitive if it may not be presented in the form M =
N⊗kH kG, where H 6= G is a subgroup of G and N is a kH-submodule
of M . A representation of the group G over the field k is said to be
primitive if the module of the representation is primitive.

The set ∆ (G) of all elements g ∈ G such that |G : CG(g)| < ∞ is
a characteristic subgroup of G which is said to be the FC-center of G.

In [1] Harper showed that any finitely generated not abelian-by-
finite nilpotent group has an irreducible primitive representation over
any not locally finite field. In [2] we proved that in the class of soluble
groups of finite rank with the maximal condition for normal subgroups
only polycyclic groups may have irreducible primitive faithful repre-
sentations over a field of characteristic zero. It is well-known that any
polycyclic group is linear and has finite rank.

Theorem 1. Let G be a linear group of finite rank, let k be a field
of characteristic zero and let M be an irreducible kG-module such that
CG(M) = 1. If the module M is primitive then:

(i) ∆ (G) has an infinite characteristic torsion-free subgroup C of
finite index;

(ii) the annihilator P = AnnkC(M) is a prime G-invariant ideal of
kC;

(iii) the group G has a nilpotent normal torsion-free subgroup H
such that the quotient group G/H is nilpotent-by-finite and the module
M is kH/PkH-torsion-free.

In the case of a polycyclic group G, the above result follows from
theorem A of [3].

[1] D.L. Harper, Primitive irreducible representations of nilpotent groups, Math.
Proc. Camb. Phil. Soc. 82 (1977), 241–247.

[2] A.V. Tushev, On the primitive representations of soluble groups of finite rank,
Sbornik: Mathematics 191 (2000), 117–159.

[3] C.J.B. Brookes, J.R.J. Groves, Some infinite soluble groups, their modules, and
the arithmeticity of associated automorphism groups, J. Algebra 283 (2005)
485–504

E-mail: � tushev@mmf.dnu.edu.ua.
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On families of stable subsemigroups and subgroups of affine
Cremona semigroups with exponential growth of periods and

noncommutative cryptography

The University of Maria Curie-Sklodowska, Lublin, Poland

The famous Singer cycle of general affine linear group AGLn(Fq)
of dimension n defined over the finite field Fq is its element of or-
der qn − 1. We search for other families of noncommutative sub-
groups Gn (or subsemigroups Sn) of degree bounded by constant d
(stable semigroups) in the semigroup En(Fq) of all endomorphisms
Fq[x1, x2, . . . , xn] given via their values on xi, i = 1, 2, . . . , n such that
maximal order (period) of representative of Gn (Sn) is exponential ex-
pression in variable n. Noncommutative subsemigroups of bounded
degree and unbounded period can be considered in the more general
case of K[x1, x2, . . . , xn] where K is commutative ring with unity. Nat-
ural action ∆ of semigroup End(K[x1, x2, . . . , xn]) = En(K) of all en-
domorphisms of K[x1, x2, . . . , xn] on Kn defines finite affine Cremona
Semigroup CS(Kn) = ∆(En(K)).

For a family of stable subgroups Gn(K) < En(K) of degree d we
define ord(d,Gn(K)) as the maximal finite order of ∆(g), g ∈ Gn(K)
and deg(g) = d. For a family of stable semigroups Sn(K) ∈ En(K)
of degree d we define per(d, Sn(K)) as the maximal finite period of
nonbijective ∆(g), g ∈ Gn(K) and deg(g) = d.

Theorem 1. For each commutative ring K with unity and d ≥ 2
there is a family of noncommutative stable subgroups Gn(K) < En(K)
of degree d and stable semigroups Sn(K) < En(K) of degree d such
that Gn(K) < Sn(K), ord(d,Gn(K)) ≥ n − 1, per(d, Sn(K)) ≥ n − 2
and in the case of K = Fq inequalities ord(d,Gn(Fq)) ≥ qn−1 − 1,
per(d, Sn(K)) ≥ qn−2 hold.

We consider some application of these bounds ([1],[2]).

[1] V. Ustimenko, M. Klisowski, On Noncommutative Cryptography with cubical
multivariate maps of predictable density, In: Arai K., Bhatia R., Kapoor S.
(eds) Intelligent Computing, Advances in Intelligent Systems and Computing,
Springer, v. 998, pp. 654–674 (2019).

[2] V. Ustimenko, U. Romanczuk-Polubiec, A. Wroblewska, M. Polak, E. Zhupa, On
the constructions of new symmetric ciphers based on non-bijective multivariate
maps of prescribed degree, Security and Communication Networks, Wiley and
Hindavi, 2019. Volume 2019, Article ID 2137561, (open access), 15 pages.
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1. Post-Quantum Cryptography (PQC) is an answer to a threat
coming from a full-scale quantum computer able to execute Shor’s al-
gorithm. With this algorithm implemented on a quantum computer,
currently used public key schemes, such as RSA, elliptic curve cryp-
tosystems, other algorithms based on discrete logarithm problem are no
longer secure. The U.S. NIST made a step toward mitigating the risk
of quantum attacks by announcing the PQC standardisation process
for already known public key algorithms which are possible resistant
to attacks with the usage of quantum computers and modern deter-
ministic computational machinery. In March 2019 NIST published a
list of candidates qualified to the second round of the PQC process.
Further perspectives to develope a new of post quantum secure algo-
rithm are connected with Non-commutative cryptography, where the
cryptographic primitives and systems are based on algebraic structures
(platforms) like groups, semigroups and non-commutative rings.

2. We are working with platforms which are subgroups of affine
Cremona groups of automorphisms of K[x1, x2, . . . , xn] defined over fi-
nite commutative ring K. We present new protocols which use the
concept of tame homomorphism for semigroups and the complexity of
word problem for Cremona semigroup about the decomposition of a
given polynomial transformation g into given generators (see [1]). We
use platforms which are subgroups of cubical transformations defined
via families of known extremal graphs D(n,K) and A(n,K). Multi-
variate nature of collision maps allows to use these algorithms for the
safe exchange of multivariate transformations. New multivariate pro-
tocols allows safe exchange of fast multivariate stream ciphers and key
dependent hash functions (MACs) developed for processing of Big Data
objects [2].

[1] V. Ustimenko, On desynchronised multivariate algorithms of El Gamal type for
stable semigroups of affine Cremona group, Theoretical and Applied Cyberse-
curity, Igor Sikorsky Kiev Polytechnic Institute, vol 1, 2019, pp. 22-30.

[2] O. Pustovit, V. Ustimenko, A new stream algorithms generating sensitive di-
gests of digital documents, Mathematical modeling in economy, N3, 2019, 18-35.

E-mail: � 1vasyl@hektor.umcs.lublin.pl, � 2sanyk−set@ukr.net.
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Topological full groups provide a connection between topological
dynamics and group theory. A countable transformation group is as-
sociated to a minimal dynamical system on a Cantor set and, as an
abstract group, it (somehow) completely encodes the dynamics.

We consider the topological full group [[T ]] of a substitution subshift
T : Ω→ Ω generated by a substitution a→ aca, b→ d, c→ b, d→ c.
This substitution (denote it σ) was originally used by Lysënok to obtain
a nice recursive representation of the Grigorchuk group:

G = 〈a, b, c, d | 1 = a2 = b2 = c2 = d2 = bcd

= σk((ad)4) = σk((adacac)4), k ≥ 0〉.

As shown by Matte Bon, the Grigorchuk group G embeds into [[T ]].
We study group-theoretical properties of the topological full group

[[T ]]. In particular, we show that it is finitely generated.
Elements of the phase space Ω of the subshift T are bi-infinite se-

quences . . . ω−2ω−1ω0.ω1ω2 . . . , where each ωi ∈ {a, b, c, d}. Given fi-
nite strings u and w, let [u.w] denote the set of all sequences in Ω that
match the pattern u.w. If u and w are not both empty strings, the set
U = [u.w] is disjoint from T (U). Hence we can define an involution
δU : Ω → Ω by δU (x) = T (x) if x ∈ U , δU (x) = T−1(x) if x ∈ T (U),
and δU (x) = x otherwise. It is known that the group [[T ]] is generated
by T and all transformations of the form δU .

Theorem 1. The topological full group of the substitution subshift T
is generated by transformations T , δ[.b], δ[.d], and δ[.acacac].

Theorem 2. The subgroup of [[T ]] generated by δ[.a], δ[.b]δ[.c], δ[.c]δ[.d]

and δ[.d]δ[.b] is isomorphic to the Grigorchuk group. The subgroup of
[[T ]] generated by δ[.a], δ[.b], δ[.c] and δ[.d] is isomorphic to the Grig-
orchuk overgroup.

E-mail: � yvorobets@tamu.edu.
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Throughout the paper we suppose R is an associative ring with non-
zero unit and U(R) its group of units. The vector space of matrices
over the ring R of size k × l is denoted by Rk×l and group of units of
the ring Rn×n by GLn(R). A ring R is called an elementary divisor
ring [1] if for an arbitrary matrix A of order n×m over R there exist
invertible matrices P ∈ GLn(R) and Q ∈ GLm(R) such that PAQ
is a diagonal matrix (dij) for which dii is a total divisor di+1,i+1 (i.e.
Rdi+1,i+1R ⊆ diiR ∩ Rdii) for each i. An element a of ring R is clear
if a = r+ u where r is unit-regular element and u ∈ U(R). The ring R
is clear if every its element is such.

Theorem 1. Let R be a commutative elementary divisor ring and A
is a full nonsingular matrix of R2×2. Then exist invertible matrices
P,Q ∈ GL2(R) such that PAQ is nontrivial clear element of R2×2.

Theorem 2. Let R be a commutative elementary divisor ring. Then
every full nonsingular matrix A ∈ R2×2 is nontrivial clear.

Theorem 3. Let R be a semi-simple commutative Bézout domain. The
next statements are equivalent:

1. R is an elementary divisor ring;
2. any full nonsingular matrix of R2×2 is nontrivial clear.

Theorem 4. Let R be a commutative Bezout domain. Ring R2×2 is a
clear if and only if R2×2 is 2-good ring.

Some open questions.
1. Is the commutative clear ring a ring of unit-regular stable range 1?
2. Is the notion of a ring of unit-regular stable range 1 a left-right

symmetric?

[1] Zabavsky, B. V. (2012). Diagonal reduction of matrices over rings. Vol. 16 of
Mathematical Studies Monograph Series, VNTL Publishers, Lviv.

[2] Vámos, P. (2005). 2-good rings, Quart. J. Math. 56(3): 417–430.
[3] Ehrlich, G. (1976). Units and one-sided units in regular rings. Trans. Amer.

Math. Soc. 216: 81–90.
[4] Bovdi, V., Zabavsky B. (2020). Reduction of matrices over simple Ore domains,

Linear and Multilinear Algebra. doi:03081087.2020.1743632.

E-mail: � 1zabavskii@gmail.com, � 2olya.domsha@ukr.net,
� 3oleh.romaniv@lnu.edu.ua.
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B. V. Zabavsky1, O. B. Popadiuk2

Simple element of a Bezout domain

Ivan Franko National University of Lviv, Lviv, Ukraine.

Let R be an associative ring with nonzero units. All the necessary
definitions and facts can be found in [1].

Definition. An element a ∈ R is called simple if RaR = R. If for
a ∈ R{0} there exist u1, v1, u2, v2 ∈ R such that u1av1 + u2av2 = 1 we
say that a is 2-simple.

Theorem 1. Let R be an elementary divisor domain. Then any
simple element of R is 2-simple.

Theorem 2. Let R be a Bezout domain with Dubrovin condition
of stable range 1 in which any simple element is a finite element. Then
R is an elementary divisor ring.

[1] Zabavsky, B. V. (2012). Diagonal reduction of matrices over rings. Vol. 16 of
Mathematical Studies Monograph Series, VNTL Publishers, Lviv.

E-mail: � 1zabavskii@gmail.com, � 2o.popadiuk@gmail.com.
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Efim Zelmanov

Finitely presented algebras

UC San Diego, CA, USA

We will address two questions.
1) Which algebras are finitely presented?
2) Once we know that an algebra is finitely presented, what is its

time complexity?

E-mail: � ezelmanov@ucsd.edu.
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A. V. Zhuchok

The least dimonoid congruence on the free g-dimonoid

Luhansk Taras Shevchenko National University, Starobilsk, Ukraine.

A dimonoid [1] is a nonempty set equipped with two binary asso-
ciative operations a and ` satisfying the axioms (x a y) a z = x a
(y ` z) (D1), (x ` y) a z = x ` (y a z) (D2) and (x a y) ` z = x `
(y ` z) (D3). A nonempty set equipped with two binary associative
operations a and ` satisfying the axioms (D1) and (D3) is called a
generalized dimonoid [2] or a g-dimonoid for short.

Let X be an arbitrary nonempty set, let F [X] be the free semigroup
onX, and let w be an arbitrary word overX. The length of w is denoted
by l(w). For every x ∈ X, the number of occurrences of the element
x in w is denoted by dx(w). Let further T be the free monoid on the
two-element set {a, b}, let θ ∈ T be the empty word and ∗ denotes the
operation on T . By definition, l(θ) = 0. Define operations a and ` on
T by the rules u1 a u2 = u1 ∗ al(u2)+1, u1 ` u2 = u2 ∗ bl(u1)+1 for all
u1, u2 ∈ T . The obtained algebra is denoted by T ba(1) [3]. Let further
XT ba(1) = {(w, u) ∈ F [X]× T ba(1) | l(w)− l(u) = 1}. By Theorem 1 of
[3], XT ba(1) is the free g-dimonoid.

If ρ is a congruence on a g-dimonoid (D,a,`) such that (D,a,`)/ρ
is a dimonoid, we say that ρ is a dimonoid congruence. If ρ is a con-
gruence on a g-dimonoid (D,a,`) such that operations of (D,a,`)/ρ
coincide, we say that ρ is a semigroup congruence.

Theorem 1. Let XT ba(1) be the free g-dimonoid, (w1, u1), (w2, u2) ∈
XT ba(1).

(i) Define a relation h̃ on XT ba(1) by

(w1, u1)h̃(w2, u2) if and only if w1 = w2 and db(u1) = db(u2).

Then h̃ is the least dimonoid congruence on XT ba(1).
(ii) Define a relation γ̃ on XT ba(1) by (w1, u1)γ̃(w2, u2) if and only

if w1 = w2. Then γ̃ is the least semigroup congruence on XT ba(1).

[1] Loday, J.-L.: Dialgebras. In: Dialgebras and related operads: Lect. Notes Math.,
vol. 1763, Berlin: Springer-Verlag, 7–66 (2001)

[2] Movsisyan, Y., Davidov, S., Safaryan, M.: Construction of free g-dimonoids.
Algebra Discrete Math. 18, no. 1, 138–148 (2014)

[3] Zhuchok, Yul. V.: On one class of algebras. Algebra Discrete Math. 18, no. 2,
306–320 (2014)

E-mail: � zhuchok.av@gmail.com.
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Yu. V. Zhuchok

Free inverse dimonoids

Luhansk Taras Shevchenko National University, Starobilsk, Ukraine.

The notion of a dimonoid was introduced by J.-L. Loday in [1].
A nonempty set D with two binary associative operations a and ` is
called a dimonoid if for all x, y, z ∈ D the following conditions hold:

(D1) (xay)az = xa(y`z),
(D2) (x`y)az = x`(yaz),
(D3) (xay)`z = x`(y`z).

If operations of a dimonoid coincide, it becomes a semigroup.
For the free inverse semigroup FIX with a set X of free genera-

tors there exist different constructions. In [2], a new construction of
the free inverse semigroup was proposed, in which elements of FIX
as shortest words in the classes of equivalent words over the alphabet
X∪X−1 are described and an algorithm that transforms any word into
its shortest equivalent form is produced. Using the definition of the free
inverse semigroup from [2], we study a construction of the free inverse
dimonoid and its properties. Other free dimonoid constructions have
been studied, e.g., in [3]–[5].

[1] Loday J.-L., Dialgebras, in: Dialgebras and related operads, Lect. Notes Math.
1763, Springer-Verlag, Berlin, 2001, 7–66.

[2] Poliakova O., Schein B.M., A new construction for free inverse semigroups,
J. Algebra 288 (2005), no. 2, 20–58.

[3] Zhuchok A.V., Free dimonoids, Ukr. Math. J. 63 (2011), no. 1, 196–208.
[4] Zhuchok Yu.V., Free abelian dimonoids, Algebra Discrete Math. 20 (2015),

no. 2, 330–342.
[5] Zhuchok A.V., Structure of relatively free dimonoids, Comm. Algebra 45 (2017),

no. 4, 1639–1656. DOI: 10.1080/00927872.2016.1222404

E-mail: � zhuchok.yu@gmail.com.
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Oksana Bezushchak

Deravations and automorphisms of locally matrix algebras

Taras Shevchenko National University of Kyiv, Kyiv, Ukraine.

Let F be a ground field. An associative F–algebra A is a locally
matrix algebra if for each finite subset of A there exists a subalgebra
B ⊂ A containing this subset such that B ∼= Mn(F) for some n. A
locally matrix algebra A is unital if it contains a unit 1.

Let Der(A) be the Lie algebra of all derivations of the algebra A
and let Inder(A) be the ideal of all inner derivations. The factor al-
gebra Outder(A) = Der(A)�Inder(A) is called the algebra of outer
derivations of A.

We prove the analog of the result of H. Strade for locally finite–
dimensional locally simple Lie algebras.

Theorem 1. Let A be a countable–dimensional locally matrix algebra.
Then the Lie algebra Outder(A) is not locally finite–dimensional.

Let Aut(A) and Inn(A) be the group of automorphisms and the
group of inner automorphisms of the algebra A. The factor group
Out(A) = Aut(A)�Inn(A) is called the group of outer automorphisms
of A.

We determine dimensions of Lie algebras Der(A) and Outder(A)
and orders of groups Aut(A) and Out(A), where A is a countable–
dimensional locally matrix algebra.

Theorem 2. Let A be a countable–dimensional locally matrix algebra
over a field F. Then

dimF Der(A) = dimF Outder(A) = |F |ℵ0 .

Theorem 3. Let A be a countable–dimensional locally matrix algebra
over a field F. Then |Aut(A) | = |Out(A) | = |F|ℵ0 .

[1] O. Bezushchak and B. Oliynyk, Unital locally matrix algebras and
Steinitz numbers, J. Algebra Appl. (2020) 2050180 (12 pages) doi:
10.1142/SO219498820501807.

[2] Yu. A. Drozd, V. V. Kirichenko, Finite Dimensional Algebras, Springer-Verlag,
Berlin–Heidelberg–New York (1994).

[3] A. Kurosh, Direct decompositions of simple rings, Rec. Math. [Mat. Sbornik]
N.S. 11 (53) (no. 3) (1942) 245–264.

[4] Strade, H. Locally finite dimensional Lie algebras and their derivation algebras,
Abh. Math. Sem. Univ. Hamburg 69 (1999) 373?-391.

E-mail: � bezusch@univ.kiev.ua.
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Viktor Levandovskyy

Computer algebra, Gröbner bases and elimination in free
algebras

RWTH Aachen University, Germany.

In the realm of symbolic computer algebra, which was called sym-
bolic artificial intelligence back in the 1970’s, Gröbner bases constitute
one of major tools. The ability to perform elimination of variables in
the context of free associative algebras and their factor-algebras makes
Gröbner bases indispensable. However, in non-Noetherian algebras one
has to discuss on the decidability of problems; a practical approach is
to perform computations up to a specified degree bound.

A well-known freely available computer algebra system Singular
(www.singular.uni-kl.de) was developed in Kaiserslautern, Germany,
with important contributions of algebraists from Kyiv. Two its’ sub-
systems for non-commutative algebras, are presented. Letterplace,
released very recently, works with finitely presented associative alge-
bras and offers unprecedental functionality, both for ring theory and
for homological algebra. Notably, the newest release works not only
over effective fields, but also over the ring Z, which allows to compute
information, valid in all possible characteristics.

Via the specialization to G-algebras (PBW-algebras, which are Noe-
therian domains) the subsystem Plural provides powerful algorithms,
which are widely used in e.g. D-module theory and algebraic analysis.
Two concrete computation sessions together with the results will be
discussed.

The only way to thank the developers of free mathematical software
is to cite this software in your articles, for instance like [1], [2], or [3].

[1] G.-M. Greuel, V. Levandovskyy, H. Schönemann and O. Motsak. Plural. A
Singular 4.1 Subsystem for Computations with Non–commutative Polynomial
Algebras. Centre for Computer Algebra, University of Kaiserslautern, 2000–
2019.

[2] K. Abou Zeid, V. Levandovskyy and H. Schönemann. Letterplace. A Singu-
lar 4.1 Subsystem for Computations with Free Algebras via Letterplace Em-
bedding. RWTH Aachen, 2017–2020.

[3] Decker, W.; Greuel, G.-M.; Pfister, G.; Schönemann, H.: Singu-
lar 4-1-3 — A computer algebra system for polynomial computations.
http://www.singular.uni-kl.de (2020).

E-mail: � viktor.levandovskyy@math.rwth-aachen.de.
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