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ABSTRACT
In determining the economic efficiency of an investment proj-
ect, the rationale and choice of the discount rate is the most 
difficult step. The methods of investment assessment are built 
on the rate of return used to discount future cash flows back to 
their present value. To increase the accuracy of calculations 
and reduce the subjective assessments of experts, statistical 
methods are used. The market process is known to be stochas-
tic. Therefore, investors know that the application of statistical 
methods is not practical, and thus prefer to use their intuition 
and professional experience. The alternative group of methods 
such as the Fractal Markets Hypothesis is not widely used be-
cause it is difficult to carry out calculations according to the pro-
posed formulas in practice. In this paper, the aim is to propose  
a method for determining the risk-free rate of return on an invest-
ment project based on the Fractal Markets Hypothesis for identify-
ing long-term dependence and assessing the contribution to the 
total result of changes in inflation. The objective of the study is the 
determination of the risk-free rate of return on an investment proj-
ect. The real risk-free rate is calculated as the existing inflation rate. 
The result of this paper is the definition of inflation boundaries for 
Poland, Ukraine and Russia, which may be used for determining 
the risk-free rate of return on an investment project.
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When making an investment decision,  
a rational investor agrees to implement his 
project only if his future return is higher than 
the alternative and available on the mar-
ket. In order to determine the future return 
on an investment project, a discount rate 
is used as a percentage value, allowing 

one to bring the cost of future cash flows 
to their current value equivalent (Spier, 
2014). The depreciation of future income is 
influenced by many factors (Ackerer and 
Filipović, 2020), including inflation, risks of 
non-receipt or loss of income, lost profits 
arising from the emergence of a more prof-
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itable alternative investment opportunity 
in the process of the implementation of 
the investment decision, and many others 
(Graham et al., 2006). 

In order to compare investment options 
for different risk levels, the discount rate 
is usually divided into two components 
(Szetela et al., 2020), one of which is the 
risk-free rate and the other of which is rate 
risk (Shearn, 2011; Yousuf et al., 2019).

The risk-free rate of return is the same 
for all investors and is exposed only to 
the risks of the economic system, such as 
macroeconomic factors, political events, 
legislative changes, emergency man-
made and natural events, etc. The risk-free 
rate reflects the lowest possible return ac-
ceptable to the investor.

The risk-free rate is divided into two types. 
The first type is the interest rate for typical 
types of investments with the lowest risks 
(Smit and Polakow, 2018). The second type 
is the real risk-free rate, which is calculated 
using the existing inflation rate on the basis 
of the nominal rate minus the existing infla-
tion rate (Graham et al., 2006).

Inflation very often causes devaluation, 
which is the official lowering of the value 
of a country’s currency (Adrian et al., 2018). 
With devaluation, an official depreciation of 
the national currency against hard curren-

cies within a fixed exchange-rate system 
set by the monetary authorities is observed 
(Bernholz, 2016). The hard currency is the 
US dollar, British pound sterling, Canadian 
dollar, Japanese yen, Swiss franc, Austral-
ian dollar, as well as the FRG and French 
francs, which were later replaced by the 
euro (Steinberg, 2015).

A significant number of developed coun-
tries are characterised by a low level of 
inflation. In advanced economies, the in-
flation rate does not rise by more than 2% 
(Turkington and Yazdani, 2020). According 
to the World Economic Outlook published 
by the International Monetary Fund, in Ger-
many the annual percentage change in the 
inflation rate in 2019 was 1.5%, in France 
it was 1.2%, and in the United Kingdom 
it was 1.8%. With such an inflation rate, it 
is convenient to take the nominal risk-free 
rate as the base indicator. 

For countries which both do not use hard 
currency and have an inflation rate of above 
2% per year (Hadhri and Ftiti, 2019), the 
task of determining the real risk-free rate 
considering the level of currency devalua-
tion becomes urgent. Using the example of 
five countries from Eastern Europe and the 
Balkan Peninsula, let us consider how the 
inflation rate changed from 2000 to 2019 
(Figure 1):

Figure 1. Inflation dynamics over 20 years

Source: Own elaboration based on International Monetary Fund.
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Figure 1 shows that, in the countries 
selected for analysis, the inflation rate re-
mained approximately constant for sev-
eral years, and then suddenly increased. 
If a similar daily schedule were to be con-
structed, it would become obvious that in 
the years during which inflation changed 
dramatically, most days remained un-
changeable during the year. Great leaps 
in exchange rates are common, because 
they change over time under the influence 
of numerous factors that are not only eco-
nomic, but also political (Piterbarg, 2018; 
Stukalo et al., 2019). In such conditions, it 
is difficult to determine the inflation level 
using statistical methods, for example as 
an average indicator for a certain period. 
The investor has to choose a risk-free rate 
on his own. The investor does not use 
mathematical models, but rather relies on 
his feelings about what kind of risk-free 
rate can be expected in a country. Often, 
the choice of a risk-free rate is determined 
intuitively based on previous knowledge of 
what has happened in that country. How-
ever, a person cannot remember a large 
amount of information, and the exclusive 
use of professional intuition in investment 
decision making can lead to catastrophic 
mistakes. On the contrary, statistical tech-
niques make it possible to draw meaning-
ful conclusions from masses of data. 

The purpose of the study is to propose 
and test a method for determining the risk-
free rate of return on an investment project 
for identifying long-term dependence us-
ing tools applicable in scientific measure-
ments.

1. Literature review
 Today, there are more than a dozen ways 
to choose or calculate the risk-free rate. 
All such methods can be divided into two 
groups. The first group of intuitive or expert 
methods for choosing a risk-free rate of 
return on an investment project consists of 

interviewing and averaging the subjective 
opinions of various specialists about the 
level of expected return on a particular 
investment. In this case, the choice of risk-
free rate is not mathematically justified 
and is highly subjective (Antonacci, 2014). 
For example, the moderation effect of the 
personality factor of conscientiousness 
on the relationship between skills and risk 
assessment has been examined (Mansour 
et al., 2020; Kozlovskyi et al., 2010). Zhou 
and Wang (2018) defined three construction 
equations of weight vectors based on the 
risk preferences of decision-makers.

The second group includes mathemati-
cal methods for determining the risk-free 
rate of return. Bali and Zhou (2016) focus 
on economic uncertainty and propose  
a two-factor conditional model with time-
varying market risk and uncertainty. A pa-
per by Hašková and Fiala (2019) covers the 
fundamentals of the general fuzzy model 
of the foreign investment “risk” estimation 
of selected countries in Europe and Asia.

One of the classic mathematical ap-
proaches to determining a theoretical risk-
free interest rate is Irving Fisher’s concept 
of inflationary expectations (2018), which 
is based on the theoretical costs and ben-
efits of holding a currency. The concept is 
described by the following formulas:

Rn = Rr + Jinf + Rr* Jinf
(1)

Rr = Rn – Jinf/1 + Jinf
(2)

where: Rn – the nominal interest rate;  
Rr – the real interest rate; Jinf – the inflation 
index (annual inflation rate).

Despite the widespread recognition and 
popularity of the concept proposed by 
Fisher, the question of assessing the level 
of inflation remains open. There are two 
possible approaches:
−	 assessing the previous inflation rate 

in the country in order to come to  
a conclusion about what the level of 
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inflation may be in the future;
−	 determining the expected level of 

inflation without reference to past 
trends (Bernholz, 2016).

The expected inflation level is tradition-
ally determined using questionnaires. Re-
spondents are asked to answer a number 
of questions related to their inflationary 
expectations and inflation in general. Obvi-
ously, when evaluating the expected level 
of inflation, most respondents suppose that 
past changes in exchange rates will affect 
their future value (Crayton, 2016). This ap-
proach is consistent with the thesis that the 
foreign exchange market has a long-term 
memory on long-term investment horizons 
(Peters, 1994).

Practical experience in assessing the level 
of inflation shows that the most effective way 
is the Fractal Markets Hypothesis (FMH). In 
accordance with FMH, most time series 
in the financial markets are characterised 
by the effects of long-term memory. This 
means that today’s market activity affects 
future activity for a long time into the future. 
Some price changes are due to changes 
in fundamental information and the uncer-
tainty of future cash flow trends. Long-term 
memory causes trends and cycles (Ingolfs-
son et al., 2020). These cycles may be erro-
neous because they are a function of the ef-
fect of long-term memory and an accidental 
change in market bias (Peters, 1996).

To check the presence of long-term 
dependence in a time series, Rescaled 
Range Analysis (R/S) is used. One of the 
main advantages of R/S analysis, unlike 
most widely used statistical criteria, is that 
it is not based on any assumptions about 
the output data organisation, or the dis-
tribution it obeys. It is the most important 
factor when studying phenomena such as 
stock prices or currencies, for which the 
deliberate falsity of Gaussian approaches 
has been confirmed by numerous studies 
(Raimundo and Okamoto, 2018). The R/S 

formula allows one to determine for dif-
ferent time periods whether the scope will 
be greater or less than that which can be 
expected in cases when each individual 
element of the output data will not depend 
on the previous figures. If the scope differs 
from that which is expected, then a number 
of profitable or unprofitable moments shift 
the extreme values ​​further than in the case 
of their occurrence by chance (Uthayaku-
mar and Jayalalitha, 2014).

The range R is the distance that the sys-
tem moves in time n. For Brownian motion, 
Einstein found that the distance travelled 
by a randomly wandering particle increas-
es in proportion to the square root of time.

For systems which, unlike Brownian 
ones, are not independent, Hurst has pro-
posed a more general formula (Shaikh, 
Rabbani, 2014):

(R/S)n=cnH (3)

where: n – the number of time series ele-
ments; с – constant; Н – the Hurst param-
eter. 

Obviously, for Brownian motion or any 
other process based on independent 
events, the following equations must be 
satisfied: c = 1, H = 0.5. If H > 0.5, then 
the process has long-term memory.

Despite the logic and validity of the pro-
posed approach to determining the risk-
free rate of return on an investment project, 
the question of using Formula 3 in practice 
remains difficult.

2. Methodology 
The proposed method for determining 

the risk-free rate of return on an investment 
project is based on the Fractal Markets Hy-
pothesis for identifying long-term depend-
ence and assessing the contribution to the 
total result of changes in inflation.

The methodology for the risk-free rate of 
return on an investment project consists of 
the following sequence of steps (Koziuk  
et al., 2019):
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1. Take data on changes in the exchange 
rate over a period of time. It is possible to 
display the change in the exchange rate by 
day, by week, and by month. This depends 
on the investment horizon, as the longer 
it is, the greater the difference between 
neighbouring values should be, and vice 
versa. Data needs to be taken for more 
than 400 periods. The result will be the 
time series x from m consecutive values  
х = х1, х2, … хm.

2. To calculate by means of formula 4, 
the dependence of R/S on n should be 
obtained. For this, it is necessary to esti-
mate the cumulative normalised range by 
changing the scale or normalising the data. 
This can be done by subtracting the sam-
ple average:

(4)

(5)

where: yi – the normalised exchange rate; 
xi – the exchange rate; x– the exchange 
rate average value of a sample of size n.

The last value y (yn) is always zero, be-
cause the cumulative series has an aver-
age value of zero.

3. The range Rn of time series х is deter-
mined by the formula:

(6)

where: (y1,…, yn) – the cumulative nor-
malised time series.

The index n means that the range is 
determined for the time series containing  
n elements. 

The R/S value of equation (3) is called 
the normalised range because it has a 
zero mean and is expressed in terms of the 
standard deviation:

(7)

where: (y1,…,yn) – the cumulative nor-
malised time series; Sn – the standard de-
viation of a sample of size n.

If the function (R/S)n is constructed in the 
logarithmic coordinates on both axes, then 
the solution of equation (3) for c and H is 
found using linear approximation (the meth-
od of least squares), so that c is the distance 
cut off by the straight line on the y axis, and 
H is the angle of the line to the x axis.

4. For determining the risk-free rate of 
return on an investment project in addition 
to identifying long-term dependence and 
expected trends, it is important to find the 

“jump” magnitude in the exchange rate. If all 
the relative currency changes are taken in 
the absolute value of a number and ranked 
in descending order, a typical Pareto curve 
will be obtained (Matthew, 2019). To find 
the average change in the value of cur-
rency for dynamic periods, i.e. the 20% as 
given by the Pareto principle, it is neces-
sary to divide the total change in the entire 
period by the number of dynamic period 

(R/S)n=cnH (8)

 where: (x1,…,xt) – the currency changes 
time series; D – the number of dynamic pe-
riods; m – the number of observations. 

5. Using the R/S value (formula 7) and 
the average change in the value of curren-
cy (formula 8), the average value and pre-
dictability of the change in the exchange 
rate can be concluded. Various methods 
of combination of these parameters can 
be used: for example, to calculate the con-
fidence interval, which expands the aver-
age change in the value of currency for 
dynamic periods in both directions by the 
value of the Hurst parameter. 

As part of the study, it is proposed that 
the risk-free rate of return on an investment 
project determine the range of changes as 
follows:

(9)

where: – the average change in the 
value of currency for dynamic periods;  
Н – the Hurst parameter. 



Forum Scientiae Oeconomia • Volume 8 (2020) • No. 366

The proposed method for determining 
the risk-free rate of return on an invest-
ment project based on the Fractal Markets 
Hypothesis for identifying long-term de-
pendence and assessing the contribution 
to the total result of changes in inflation is 
easily implemented in any table processor,  
including MS Excel.

3. Results 
In practice, the method for determining 

the risk-free rate of return on an investment 
project based on the Fractal Markets Hy-
pothesis is applied for three countries of 
Eastern Europe, namely Poland, Ukraine 
and Russia. These countries do not use 
hard currency. 

The results of the implementation of this 
method are also presented by a sequence 
of steps:

1. For Poland, Ukraine, and Russia,  
a time series of changes in the exchange 
rate was constructed from 02/01/2012 to 
02/01/2020. The exchange rate is present-
ed for each week; a total of 492 consecu-
tive values ​​were taken.

2. To estimate the cumulative normal-
ised range, all values ​​of the changes in 
the exchange rate time series were divided 
into intervals of 20 values, then 40, 80, 160, 
and 320. The result is a data set of 20, 40, 
80, 160, and 320 values for each country. 

3. Subsequently, using formulas 6-7 for 
each data set, the normalised exchange 
rate, the range Rn, and the R/S indicator 
were obtained. Calculations of the R/S in-
dicator and the graphs of the exchange 
rate for Poland, Ukraine and Russia are 
presented (Fig. 2).

Figure 2. Function (R/S)n of the dollar to the national currency rate of  
a) Poland; b) Ukraine; c) Russia 

a)

n R/S  
indicator

20 7.22
40 15.15
80 30.21

160 60.69
320 93.43

b)

n R/S  
indicator

20 7.38
40 15.60
80 30.83

160 57.68
320 108.43



Determination of the risk-free rate of return on... 67

c)

n R/S  
indicator

20 7.22
40 15.15
80 30.21

160 60.69
320 93.43

Source: Own elaboration.

As can be seen in Figure 1, in each case, 
the Hurst parameter significantly exceeds 
0.5, which goes to confirm the presence of 
long-term memory. For Poland, the Hurst 
parameter is 0.9388 (Fig. 1a), for Ukraine 
it is 0.9641 (Fig. 1b), and for Russia it is 
0.8173 (Fig. 1c). The closer the Hurst pa-
rameter is to 1, the more reliable the fore-
cast for changes in the exchange rate 
is. Therefore, if the Ukrainian and Polish 
national currencies change in price (Ko-
zlovskyi et al., 2011), the more likely they 
are to continue moving in the same direc-
tion. The Russian currency may change its 
movement in a more unpredictable way.

4. To find the average change in the 
value of currency for dynamic periods by 
means of formula 8, the relation of two ad-
jacent values ​​of the time series x should 
be found. It is then necessary to take 20% 
of the relative changes in modulus, ranked 
from maximum to minimum, and calculate 
the average of the total changes in these 
20% of dynamic weeks. 

The calculations showed that the number 
of dynamic periods is 98 weeks, and the 
number of unchangeable periods is 394 
weeks. In Poland, during dynamic periods, 
the exchange rate fluctuated an average of 
2.4% every week, in Ukraine it fluctuated 
an average of 4.7%, and in Russia it fluctu-
ated an average of 3.8%. In the unchange-
able period, the weekly change of currency 

was 0.65% on average in Poland, 0.44% in 
Ukraine, and 0.79% in Russia. 

Currency and inflation risks are low-
est in Poland, making this country most 
attractive for investors. In Ukraine there 
are both the greatest changes in the dy-
namic periods and the smallest changes 
in the unchangeable periods. For inves-
tors, it means that the profitability of the 
investment project can be highest in com-
parison with Poland and Russia only on  
a short-term investment horizon. In Russia, 
the average changes in the exchange rate 
in the dynamic and unchangeable weeks 
indicate the constant fluctuations on both 
long- and short-term investment horizons. 
However, at the same time, currency and 
inflation risks are highest compared to Po-
land and Ukraine.

5. The real risk-free rate of return on an 
investment project in different coun-
tries should be determined depend-
ing on the expected level of inflation. 
Using formula 9, a confidence interval 
is calculated (Table 1).
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Table 1. The range of changes in the exchange rate in Poland, Ukraine and Russia

Country Average change in the value of currency for dy-
namic periods adjusted for the Hurst parameter

Upper bound  
of inflation

Lower bound  
of inflation

Poland 2.38% ± 0.15% 2.23% 2.52%
Ukraine 4.67% ± 0.17% 4.50% 4.84%
Russia 3.84% ± 0.70% 3.14% 4.55%

Source: Own elaboration.

the risk-free rate of return on an invest-
ment project based on the Fractal Markets 
Hypothesis were applied. For example, 
Polish scientists (Jackowicz, Kozłowski, 
Mielcarz, 2016) undertook similar research 
investigating the phenomenon of finan-
cial constraints in investment activities in 
Poland. When determining the dependent 
variables of investments, the model did not 
include the real risk-free rate of return on 
an investment, while other indicators such 
as financial leverage, the market value to 
book value ratio and the return on sales 
ratio were included.

Mykhayliv and Zauner (2017) empirically 
investigated the impact of different own-
ership groups on companies’ investment 
in Ukraine by means of a novel dynamic 
investment model where investment is 
based both on present and historical lev-
els of profitability. As well as in the pro-
posed approach for determining the risk-
free rate of return on an investment project 
based on the Fractal Markets Hypothesis, 
the authors found out that the past level 
of profitability significantly affects invest-
ment. However, the study concerned only 
Ukraine, and a comparative analysis of 
other countries was not carried out.

The results of this study could comple-
ment the effective planning system pro-
posed by Ivanisevic et al (2020) with an in-
dicator such as inflation from the perspec-
tive of investment efficiency.

Ilina, Streltsova, Borodin, and Yakovenko 
(2019) proposed an assessment mecha-
nism of the effectiveness of public invest-
ment in R&D. Despite the fact that the 
main source of investment is foreign grant 

As can be seen from Figure 1, the bounds 
of inflation may be from 2.23% to 2.52% for 
Poland, from 4.50% to 4.84% for Ukraine, 
and from 3.14% to 4.55% for Russia.

The proposed confidence interval of 
changes in the exchange rate can be used 
by the investors to determine the risk-free 
rate that investors expect to earn after  
inflation.

4. Discussion
While the Fractal Markets Hypothesis for 

identifying long-term dependence and as-
sessing the contribution to the total result of 
changes in inflation provide a more accu-
rate presentation of markets, the Efficient-
Market Hypothesis (EMH) resides at the 
front position of the financial theory. EMH 
states that asset prices reflect all available 
information that is immediately and fully 
reflected in the financial market (Chiara, 
2016). The strong form of EMH assumes 
that prices incorporate all the available in-
formation on a market, which includes his-
torical financial information. A number of 
research papers have proven that strong 
forms of EMH are not supported by finan-
cial data in the medium and long term. On 
the other hand, in many papers based on 
EMH, the efficiency of capital markets is 
confirmed (iațan, 2015).

Without underestimating EMH, it should 
be noted that the proposed approach for 
determining the risk-free rate of return on 
an investment project focuses precisely on 
the long-term period. 

Most of the proposed papers devoted 
to investment assessment would benefit 
if the proposed approach for determining 
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financing carried out on a competitive ba-
sis, the issue of the reliability of exchange 
rate forecasts was not considered at all.

The limitation of the proposed approach 
for determining the risk-free rate of return 
on an investment project is that it can be 
used only for countries that both do not 
use hard currency and where the inflation 
rate is above 2% per year.

This paper contributes to the existing lit-
erature by adding to studies that determine 
the risk-free rate of return on an investment 
project.

Conclusions
In the article, a method for determining 

the risk-free rate of return on an investment 
project based on the Fractal Markets Hy-
pothesis for identifying long-term depend-
ence and assessing the contribution to the 
total result of changes in inflation is pro-
posed. This allows the authors to put Res-
caled Range Analysis into practice. The re-
sults of this method are conclusions about 
the reliability of the forecast for changes in 
the exchange rate for Poland, Ukraine and 
Russia, currency and inflation risk assess-
ment, and the definition of inflation bound-
aries for Poland, Ukraine and Russia.

For Poland, the forecast for changes in 
the exchange rate is reliable, while curren-
cy and inflation risks are low. The deviation 
range for the risk-free rate does not exceed 
5% in each direction.

For Ukraine, the forecast for changes 
in the exchange rate is reliable, while cur-
rency and inflation risks are low only on 
short-term investment horizons. During the 
long-term investment horizon, risks may in-
crease. The deviation range for the risk-free 
rate does not exceed 5% in each direction.

For Russia, the forecast for changes in 
the exchange rate is less reliable, while cur-
rency and inflation risks are medium, both 
on short-term and long-term investment ho-
rizons. The deviation range for the risk-free 

rate should reach 15% in each direction.
The proposed method for determining 

the risk-free rate of return on an investment 
project based on the Fractal Markets Hy-
pothesis for identifying long-term depend-
ence and assessing the contribution to the 
total result of changes in inflation can be 
considered as a separate mathematical 
model or used as support for expert meth-
ods of choosing the risk-free rate of return 
of an investment project. Put another way, 
the contribution to the science of the pro-
posed method is the new practical applica-
tion of the Fractal Markets Hypothesis. In-
vestors can put formulas 4-9 into practice. 
A possible future direction for research is 
to improve the proposed method for de-
termining the risk-free rate of return so that 
it can be applied for countries where the 
inflation rate is above 2% per annum but 
hard currency is used.

In terms of financial globalisation, the 
role of various investments such as con-
cessions, joint ventures, special economic 
zones and international leasing is rein-
forced. This requires the improvement of 
new scientifically-based methods which 
have been proven to be effective but 
have not yet been used to determine the 
risk-free rate of return on an investment ef-
ficiency. This article was the first attempt 
to use the Fractal Markets Hypothesis to 
identify long-term dependence and as-
sess the contribution to the total result of 
changes in inflation, based on the example 
of three countries. The methodology used 
may be of interest not only to scientists, 
but also to various analytical companies. 
For real investments, as well as the devel-
opment of priority investment programs, it 
is important to understand the benefits of 
each participant in the investment market. 
The results of the research offer interna-
tional organisations and authorities an op-
portunity to promptly analyse the financial 
efficiency of investment projects.
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